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Abstract
For a variety X separated over a perfect field of characteristic p > 0 which admits
an embedding into a smooth variety, we establish an anti-equivalence between the
bounded derived categories of Cartier crystals on X and constructible Z/pZ-sheaves
on the étale site Xét. The key intermediate step is to extend the category of locally
finitely generated unit OF,X -modules for smooth schemes introduced by Emerton
and Kisin to embeddable schemes. On the one hand, this category is equivalent to
Cartier crystals. On the other hand, by using Emerton-Kisin’s Riemann-Hilbert cor-
respondence, we show that it is equivalent to Gabber’s category of perverse sheaves
in Dbc(Xét,Z/pZ).
Introduction
The Riemann-Hilbert correspondence gave a general answer to Hilbert’s 21st problem
from a modern point of view by connecting D-modules to constructible CX-sheaves on
a smooth complex variety X. For a variety X over a field of positive characteristic,
Emerton and Kisin established an analogue to this correspondence in [EK04]. However,
the smoothness of X is essential for this approach because it ensures that the objects
Emerton and Kisin consider instead of D-modules behave nicely.
In this paper we relax the smoothness assumption. We establish a Riemann-Hilbert
type correspondence for a variety X over a perfect field of positive characteristic which
is possibly singular but we require that X admits an embedding into a smooth vari-
ety Y . Thereby we suggest the category of so-called Cartier crystals as a replacement
for D-modules because Cartier crystals seem to be more suitable for generalizations of
the correspondence to singular varieties or even more general schemes. In particular,
Cartier crystals are indeed closely related to perverse constructible étale sheaves on X,
as conjectured by Blickle and Böckle in [BB11].
Let us take a brief look at the development of the Riemann-Hilbert correspondence
throughout history. A fundamental step to the modern version of the Riemann-Hilbert
correspondence was the result by Deligne in 1970 ([Del70]), which states that for a
smooth variety X over the complex numbers, there is an equivalence
Connreg −→ Loc(Xan)
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between the categories of regular integrable connections on X and local systems on Xan,
i.e. CX-modules which are locally free of finite rank for the analytic topology. Here
an integrable connection is a DX-module M which is locally free of finite rank as an
OX -module. This is nothing but a locally free OX -module of finite rank together with
a C-linear map ∇ : M −→ Ω1X ⊗OX M . For the above equivalence, we have to pass to
a certain subcategory, namely the regular integrable connections, and the underlying
functor of the equivalence is given by taking the kernel of ∇. Note that if dX denotes
the dimension of X, this is the cohomology in degree −dX of the de Rham complex
0 −→ Ω1X ⊗OX M −→ Ω
2
X ⊗OX M −→ · · · −→ Ω
dX
X ⊗OX M −→ 0
located between the degrees −dX and 0 and whose differentials are induced by ∇. Let
DRX(M) denote this complex.
Both categories Connreg and Loc(Xan) are not closed under push-forwards. For in-
stance, the push-forward of a local system on the origin to the affine line is obviously
not a local system. The correct extensions are (regular holonomic) DX -modules on the
left and constructible CX-sheaves on the right. However, the functor H
−dX (DRX( ))
does not yield an equivalence between these larger categories. Again considering the
example of the inclusion i : {0} −→ A1
C
, we see that H−1(DRA1(i∗C)) = 0. This is due
to the fact that we lose to much information by only taking into account the −dX-
th cohomology of DRX( ). To avoid this problem, one considers the derived functor
DRX( ) = ΩX
L
⊗OX between the derived categories of DX -modules and constructible
CX-sheaves. In the context of complex manifolds, Kashiwara ([Kas80] and [Kas84])
passed to a suitable subcategory called regular holonomic D-modules – more precisely
the full subcategory of the bounded derived category Db(DX) consisting of complexes
whose cohomology sheaves are regular holonomic – and proved that the de Rham functor
is an equivalence
Dbrh(DX) −→ D
b
c(CX),
which is compatible with the six operations f∗, f!, f
∗, f !, RHom• and
L
⊗. Here Dbc(CX)
denotes the full subcategory of D(CX) of bounded complexes with constructible co-
homology sheaves. This result from 1980 and 1984 is known as the Riemann-Hilbert
correspondence. Around the same time, Mebkhout ([Meb84b] and [Meb84a]) gave a
proof, which is independent of Kashiwara’s work. Later on, Beilinson and Bernstein
developed the Riemann-Hilbert correspondence for algebraic D-modules on complex al-
gebraic varieties. Their work is explained in the unpublished notes ([Ber]).
Deligne’s result, which is a special case of the Riemann-Hilbert correspondence, ap-
plied to X = P1(C)\S, the Riemann sphere without a finite set S of points, gives an
answer to Hilbert’s 21st problem. For this recall that the sheaf of solutions of a system
of linear differential equations is a local system. Via analytically continuing of local
solutions along closed paths in X, we obtain a transition matrix and therefore a rep-
resentation of the fundamental group of the Riemann sphere without S. The group
of such matrices is called the monodromy group of the system of differential equations.
Conversely, Hilbert’s 21st problem asks for the existence of a system of linear differen-
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tial equations on the Riemann sphere with Fuchsian singularities in S and with a given
monodromy.
The functor DRX( ) is closely related to the so-called solution functor SolX =
RHom•DX ( ,OX): for every bounded complex M
• of DX -modules, we have
DRX(M
•) ∼= SolX(DXM
•)[dX ],
where DX is a certain duality. For a coherent DX -moduleM , the sheaf HomDX (M,OX)
can be identified with the solutions of the system of differential equations corresponding
to M . Furthermore, there is an equivalence between representations of the fundamental
group of X and locally constant CX-sheaves. The Riemann-Hilbert correspondence in
turn is a far reaching generalization of Deligne’s result.
Of course the essential image of the abelian category of regular holonomicDX -modules
under the equivalence DRX is an abelian category inside D
b
c(CX), but it turns out that
this category differs from the category of constructible CX-sheaves. The example of
the immersion of the origin into the affine line from above already is a first sign of
this phenomenon. The abelian subcategory of Dbc(CX) given by the essential image of
regular holonomic DX -modules under the de Rham functor is called perverse sheaves.
There is a general tool for describing abelian subcategories of triangulated categories:
the theory of t-structures. A t-structure on a triangulated category D consists of two
subcategories D≤0 and D≥0 with certain properties. The intersection D≤0 ∩ D≥0 is
called the heart of the t-structure. It is an abelian category. For example, the so-
called canonical t-structure of Dbrh(DX) is given by the two subcategories D
≤0
rh (DX) and
D≥0rh (DX) of complexes whose cohomology is zero in positive or negative degrees. In the
same way, the category of perverse sheaves on X is obtained as the heart of a t-structure
on Dbc(CX) which is called the perverse t-structure. Indeed, the development of the
theory of perverse sheaves by Beilinson, Bernstein, Deligne and Gabber was motivated
by the Riemann-Hilbert correspondence. A standard reference for this is [BBD82].
At the beginning of the 21st century, the time was right for a positive characteristic
version of the Riemann-Hilbert correspondence. The de Rham theory for varieties over
a field of positive characteristic p differs strongly from the one on complex varieties.
Instead of the Poincaré lemma, we have the Cartier isomorphism and as a consequence,
for a smooth variety X, the kernel of the map OX −→ Ω
1
X is not a locally constant
Z/pZ-sheaf but given by the p-th powers (OX)
p. Therefore, one has to find a different
approach. The Frobenius endomorphism F is a major tool in characteristic p. Especially
sheaves with an action of the Frobenius turned out to be very useful. The starting point
of these objects is the sheaf OF,X = OX [F ] of non-commutative rings given on an affine
open subset U ⊆ X by the polynomial ring OX(U)[F ] with the relation Fr = r
pF
for local sections r ∈ OX(U). A simple calculation shows that left OX [F ]-modules
are identified with OX -modules F together with a morphism F
∗F −→ F . In [Kat73,
Proposition 4.1.1], Katz proved that there is an equivalence between the category of
locally free étale Fp-sheaves and the category of coherent, locally free OX -modules E
together with an isomorphism F ∗E −→ E of OX -modules. This may be considered as an
analogue of Deligne’s result that there is a natural equivalence Connreg −→ Loc(Xan).
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It is this result of Katz that motivated Emerton and Kisin to consider left OF,X-
modules for establishing an analogue of the Riemann-Hilbert correspondence for smooth
varieties over a field k of positive characteristic p. As Katz’ work already suggested,
certain unit left OF,X-modules, i.e. OF,X-modules F whose structural morphism F
∗F −→
F is an isomorphism together with some finiteness condition, is the subcategory to look
at. In 2004, Emerton and Kisin published [EK04], where they proved that the functor
Sol = RHom•OF,Xét
( ét,OXét)[dX ] yields an anti-equivalence
Dblfgu(OF,X) −→ D
b
c(Xét,Z/pZ)
between the bounded derived categories of locally finitely generated unit (lfgu for short)
left OF,X-modules on the one hand, and the bounded derived category of constructible
Z/pZ-sheaves on the étale site Xét of X on the other hand. Their correspondence is
shown to be compatible with half of the six cohomological operations, namely f !, f+
and
L
⊗. They also prove that under the correspondence the abelian category µlfgu(X) of
locally finitely generated unit modules corresponds to the category of perverse sheaves
Perv(Xét,Z/pZ) defined by Gabber in [Gab04] on D
b
c(Xét,Z/pZ). In this Riemann-
Hilbert type correspondence, the sheaf of partial differential operators is substituted
by the sheaf OF,X . Every OF,X-module naturally has the structure of a DX -module.
The crucial point is that the ring DX of arithmetic differential operators introduced by
Berthelot equals the union
⋃
EndOXp
e (OX ) ([Ber96], [Ber00]). The details of the DX-
module structure of an OF,X-module are explained in [Bli03]. It follows that the category
considered by Emerton and Kisin is a subcategory of the category of left modules over
the sheaf of rings of differential operators.
The sequence
0 −→ OXét
1−F
−−−→ OXét −→ 0
in some sense plays the role of the de Rham complex for varieties over C. For instance,
we can compute Sol(OX) = RHom
•
OF,Xét
(OXét ,OXét)[dX ] using the resolution
0 −→ OF,Xét
1−F
−−−→ OF,Xét
of OXét by free left OF,Xét-modules. As a consequence of Artin-Schreier theory, the
sequence
0 −→ (Z/pZ)X −→ OXét
1−F
−−−→ OXét −→ 0
is exact and therefore Solκ(OX) ∼= (Z/pZ)X [dX ]. This observation is fundamental in the
proof of Emerton and Kisin’s Riemann-Hilbert correspondence.
In [BB11], Blickle and Böckle show that if X is smooth and F -finite (i.e. the Frobenius
morphism is a finite map), then Emerton-Kisin’s category µlfgu(X) is equivalent to their
category Crysκ(X) of Cartier crystals on X. This category is obtained by localizing the
category of coherent sheaves M on X equipped with a right action by Frobenius, i.e. a
map F∗M −→ M , at the Serre subcategory consisting of those M where the structural
map is nilpotent.
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The category of Cartier crystals is also defined on singular schemes, and a Kashiwara
type equivalence holds in this context [BB13, Theorem 4.1.2], showing that Cartier
crystals on a closed subscheme Z ⊆ X are “the same” as Cartier crystals on X supported
in Z. This suggests that for singular schemes, the category of Cartier crystals should be
a reasonable replacement for Emerton-Kisin’s theory, which was only developed for X
smooth. Hence one expects a natural equivalence of categories
Crysκ(X) −→ Perv(Xét,Z/pZ)
for any F -finite scheme X. In this paper we show this result under the assumption that
X is a variety over a perfect field k, embeddable into a smooth variety. Note that a
variety over a perfect field is F -finite. The closed immersion of X into a smooth variety
Y enables us to employ the Kashiwara equivalence to show that the category of Cartier
crystals on X is equivalent to the category of lfgu modules on Y supported in X. This
equivalence on the level of abelian categories then extends to a derived equivalence
Dbcrys(QCrysκ(X))
∼= Dblfgu(OF,Y )X ,
where Dblfgu(OF,Y )X denotes the full subcategory of D
b
lfgu(OF,Y ) consisting of complexes
whose cohomology sheaves are supported in X. The details of this equivalence are
worked out in Section 2 and involve showing that the equivalence sketched by Blickle
and Böckle between Cartier crystals and µlfgu(X) alluded to above is compatible with
pull-back functors for immersions of smooth, F -finite schemes and push-forward functors
for arbitrary morphisms between smooth, F -finite schemes.
In Section 3 we give an intrinsic proof of the fact that for a variety X over a perfect
field k the category Dblfgu(OF,X) := D
b
lfgu(OF,Y )X is well-defined, i.e. independent of
the embedding of X into a smooth scheme Y . If one had resolution of singularities
in characteristic p, one would have natural isomorphisms of functors Sol f+ ∼= f! Sol for
every morphism f between smooth k-schemes [EK04, Theorem 9.7.1]. This would enable
us to work with derived categories of constructible étale sheaves, which are defined on
singular schemes as well, turning the independence of a chosen embedding into an easy
exercise. As resolution of singularities is an open problem in higher dimensions, we are
required to extend the adjunction between the functors f ! and f+ for proper f from
Emerton-Kisin to the case that f is proper over some closed subset, which is somewhat
technical. The source of this is a general adjunction statement for quasi-coherent sheaves
provided in [Sch18]. It says that for a separated morphism of finite type f : X −→ Y
of Noetherian schemes, closed immersions i : Z −→ Y and i′ : Z ′ −→ X and a proper
morphism f ′ : Z ′ −→ Z making the diagram
Z ′
i′ //
f ′

X
f

Z
i // Y
commutative, there exists a morphism trf : Rf∗RΓZ′f
! −→ id which acts as the counit
of an adjunction between Rf∗ and RΓZ′f
! regarded as functors between certain derived
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categories with cohomology sheaves supported on Z and Z ′. Here RΓZ′ is the local
cohomology functor.
Combining these steps, the following theorem summarizes the main results in this
paper:
Theorem. Let X be a variety over a perfect field and assume that X is embeddable into
a smooth variety Y . Then there are natural equivalences of categories
Dbcrys(QCrysκ(X))
∼
−→ Dblfgu(OF,Y )X
∼
−→ Dbc(Xét,Z/pZ).
Here the middle category is independent of the embedding. These equivalences are com-
patible with the respectively defined push-forward and pull-back functors for immersions.
Furthermore, the standard t-structure on the left corresponds to Gabber’s perverse t-
structure on the right.
Corollary. The abelian category Crysκ(X) of Cartier crystals on a variety X embeddable
into a smooth variety is naturally equivalent to the category Perv(Xét,Z/pZ) of perverse
constructible étale p-torsion sheaves.
While in the final stages of writing up these results, the preprint [Ohk16] appeared.
Therein the author shows that Emerton-Kisin’s Riemann-Hilbert correspondence can be
extended to the case that X is embeddable into a proper smooth Wn-scheme. The case
n = 1 hence also implies the right half of the just stated theorem in the case that X is
embeddable into a proper smooth scheme.
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Notation and conventions
Unless otherwise stated, all schemes are locally Noetherian and separated over the field
Fp for some fixed prime number p > 0. For such a scheme X, we let FX or F , if no
ambiguity is possible, denote the Frobenius endomorphism X −→ X which is the identity
on the underlying topological space and which is given by r 7→ rp on local sections. Often
we will deal with F -finite schemes, i.e. F is a finite morphism. For instance, a variety
over a perfect field is F -finite.
Working with Emerton and Kisin’s category of locally finitely generated unit modules
forces us at some points to restrict to varieties, i.e. to schemes which are of finite type
over a field k containing Fp. With “schemes over k” or “k-scheme” we always mean
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schemes which are separated and of finite type over k. For a smooth scheme X over
a perfect field k, the sheaf of top differential forms ωX is an invertible sheaf with a
canonical morphism ωX −→ F
!ωX of OX-modules given by the Cartier operator, see
Example 1.2 for the affine space. One can check that it is an isomorphism. In general,
if X is regular and F -finite, we will assume that there is a dualizing sheaf ωX with an
isomorphism κX : ωX −→ F
!ωX . For example, this assumption holds if X is a scheme
over a local Gorenstein scheme S = SpecR ([BB11, Proposition 2.20]). Moreover, we
assume that ωX is invertible.
As in [EK04], for a smooth k-scheme X, we let dX denote the function
x 7→ dimension of the component of X containing x.
If f : X −→ Y is a morphism of smooth k-schemes, the relative dimension dX/Y is given
by dX/Y = dX − dY ◦ f .
1 Review of Cartier crystals and locally finitely generated unit
modules
We begin by reviewing the definitions and results from the theory of Cartier crystals
as developed by Blickle and Böckle in [BB11] and [BB13]. In short, a coherent Cartier
module M on X is a coherent OX -module together with a right action of the Frobenius
F . These form an abelian category and the category of Cartier crystals is obtained by
localizing at the full Serre subcategory of those M on which F acts nilpotently. The
resulting localized category is an abelian category, which has been shown in [BB11] to
enjoy strong finiteness properties: All objects have finite length and all endomorphism
sets are finite dimensional Fp-vector spaces.
1.1 Cartier modules and Cartier crystals
Definition 1.1. A Cartier module on X is a quasi-coherent OX -module M together
with a morphism of OX -modules
κ : F∗M −→M.
Equivalently, a Cartier module M is a sheaf of right OF,X-modules whose underlying
sheaf of OX -modules is quasi-coherent. Here OF,X is the sheaf of (non-commutative)
rings OX [F ], defined affine locally on SpecR as the ring
R[F ] := R{F}/〈Fr − rpF | r ∈ R〉.
On the level of abelian sheaves, M and F∗M are equal, hence we may view the structural
map κ of a Cartier moduleM as an additive map κ : M −→M which satisfies κ(rp ·m) =
rκ(m) for all local sections r ∈ OX and m ∈ M . In this way it is clear that defining
the right action of F on M via κ defines a right action of OX [F ] on M , and vice versa.
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Iterations of κ are defined inductively: κn := κ ◦ F∗κ
n−1. Considering κ as an additive
map of abelian sheaves, κn is the usual n-th iteration.
For a finite morphism f : X −→ Y of schemes, the functor f∗ is left adjoint to the
functor f ♭ := f
∗
HomOY (f∗OX , ), where f is the flat morphism of ringed spaces
(X,OX ) −→ (Y, f∗OX), see [Har66, III. 6]. Hence the structural morphism of a Cartier
module M on an F -finite scheme may also be given in the form κ˜ : M −→ F ♭M .
Example 1.2. The prototypical example of a Cartier module is the sheaf ωX of top
differential forms on a smooth variety over a perfect field k. If X = Spec k[x1, . . . , xn],
then ωX is the free k[x1, . . . , xn]-module of rank 1 generated by dx1 ∧ · · · ∧ dxn. This
module has a natural homomorphism κ : F∗ωX −→ ωX called the Cartier operator given
by the formula
xi11 · · · · · x
in
n dx1 ∧ · · · ∧ dxn 7→ x
(i1+1)
p
−1
1 · · · · · x
(in+1)
p
−1
n dx1 ∧ · · · ∧ dxn
where a non-integral exponent anywhere renders the whole expression zero.
A morphism ϕ : M −→ N of Cartier modules is a morphism of the underlying quasi-
coherent sheaves making the following diagram commutative:
F∗M
F∗ϕ
//
κM

F∗N
κN

M
ϕ
// N.
As F∗ is exact, one immediately verifies that Cartier modules form an abelian category,
the kernels and cokernels being just the underlying kernels and cokernels in OX -modules
with the induced structural morphism. We denote the category of Cartier modules on
X by QCohκ(X). The full subcategory of coherent Cartier modules Cohκ(X) consists
of those Cartier modules whose underlying OX -module is coherent. A Cartier module
(M,κ) is called nilpotent if some power of κ is zero; (M,κ) is called locally nilpotent
if it is the union of its nilpotent Cartier submodules. By LNilκ(X) we denote the full
subcategory of QCohκ(X) consisting of locally nilpotent Cartier modules, and Nilκ(X)
denotes the intersection Cohκ(X) ∩ LNilκ(X). The full subcategory of QCohκ(X) con-
sisting of extensions of coherent and locally nilpotent Cartier modules (in either order)
we denote by LNilCohκ(X). One has the following inclusions
LNilκ(X)  { --❩❩❩
Nilκ(X)
$  22❡❡❡
z ,,❨❨❨
LNilCohκ(X)
  // QCohκ(X),
Cohκ(X)
#
11❞❞❞
and each of the full subcategories are Serre subcategories in their ambient category1.
This leads us to our key construction.
1A Serre subcategory is a full abelian subcategory which is closed under extensions.
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Definition 1.3. The category of Cartier quasi-crystals is the localization of the category
of quasi-coherent Cartier modules QCohκ(X) at its Serre subcategory LNilκ(X). It is
an abelian category, which we denote by QCrysκ(X).
Similarly, the category of Cartier crystals on X is the localization of the category
Cohκ(X) of coherent Cartier modules at its Serre subcategory Nilκ(X). It is an abelian
category, which we denote by Crysκ(X). Cartier crystals also can be obtained by local-
izing LNilCohκ(X) at the subcategory LNilκ(X).
In order to define derived functors we have to make sure that the considered categories
have enough injectives.
Proposition 1.4. The category QCohκ(X) is a Grothendieck category with enough in-
jectives whose underlying OX -module is injective. Its Serre subcategory LNilκ(X) is
localizing and hence QCrysκ(X) has enough injectives.
Proof. The first statements were shown in [BB13, Theorem 2.0.9 and Proposition 3.3.17].
That LNilκ(X) is localizing now follows from Corollaire 1 on p. 375 of [Gab62] and from
the fact that each M ∈ QCohκ(X) has a maximal locally nilpotent κ-subsheaf Mnil, see
[BB13, Lemma 2.1.3]. Then Corollaire 2 of [Gab62] shows that the associated quotient
category QCrysκ(X) has enough injectives.
Concretely, if T : QCohκ(X) −→ QCrysκ(X) denotes the exact localization func-
tor, then the fact that LNilκ(X) is localizing asserts the existence of a right adjoint
V : QCrysκ(X) −→ QCohκ(X). If M/Mnil −֒→ I is an injective hull in QCohκ(X), then
it is shown in op. cit. that TI is an injective hull of T (M/Mnil).
The following finiteness statements are the main results of [BB11]:
Theorem 1.5 ([BB11, Corollary 4.7, Theorem 4.17]). Let X be a locally Noetherian,
F -finite scheme of positive characteristic p.
(a) Every object in the category of Cartier crystals Crysκ(X) satisfies the ascending
and descending chain condition on its subobjects.
(b) The Hom-sets in Crysκ(X) are finite dimensional Fp-vector spaces.
These finiteness properties are precisely the ones one expects from a category of per-
verse constructible sheaves in the topological context. It is this result (and the related
statement [EK04, Theorem 11.5.4] in the smooth case) that prompted our investigation
of a connection between Cartier crystals and Gabber’s category of perverse constructible
Z/pZ-sheaves on Xét, which is the content of this article.
1.2 Cartier crystals and morphisms of schemes
Up to now, we studied different categories stemming from quasi-coherent sheaves on a
single scheme X. In this subsection, we consider morphisms f : X −→ Y of schemes
and construct functors between the categories of Cartier (quasi-)crystals on X and on
Y . With the notation D∗(A) for an abelian category A and ∗ ∈ {+,−, b}, we mean the
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subcategory of the derived category D(A) of bounded below, bounded above or bounded
complexes.
The first result is concerned with the derived functor Rf∗ for quasi-coherent OX -
modules. For a large class of morphisms it behaves well with the additional structure of
Cartier modules and with localization at nilpotent objects. In principle, to any quasi-
coherent Cartier module M with structural map κM , we assign the quasi-coherent OY -
module f∗M together with the composition
FY ∗f∗M
∼
−→ f∗FX∗M
f∗κM−−−→ f∗M.
This is the underived functor f∗ : QCohκ(X) −→ QCohκ(Y ).
Theorem 1.6 ([BB13, Corollary 3.2.12]). Let f : X −→ Y be a morphism of F -finite
schemes. Suppose ∗ ∈ {+,−, b}. The functor Rf∗ on quasi-coherent sheaves induces a
functor
Rf∗ : D
∗(QCohκ(X)) −→ D
∗(QCohκ(Y )).
It preserves local nilpotence and hence induces a functor
Rf∗ : D
∗(QCrysκ(X)) −→ D
∗(QCrysκ(Y )).
If f is of finite type (but not necessarily proper!) then it restricts to a functor
Rf∗ : D
∗
crys(QCrysκ(X)) −→ D
∗
crys(QCrysκ(Y ))
where the subscript crys indicates that the cohomology lies in LNilCrysκ.
For essentially étale morphisms and for closed immersions there are pull-back functors.
Theorem 1.7. Let f : X −→ Y be a morphism of schemes.
(a) Suppose ∗ ∈ {+,−, b}. If f is essentially étale, the exact functor f∗ induces a
functor
f ! : D∗crys(QCrysκ(Y )) −→ D
∗
crys(QCrysκ(X)),
which is left adjoint to Rf∗.
(b) Suppose ∗ ∈ {+, b}. If f is a closed immersion of F -finite schemes, the functor f ♭ =
f
∗
HomOY (f∗OX , ), where f denotes the flat morphism (X,OX ) −→ (Y, f∗OX) of
ringed spaces, induces a functor
f ! : D∗crys(QCrysκ(Y )) −→ D
∗
crys(QCrysκ(X)),
which is right adjoint to Rf∗.
Proof. Let M be a quasi-coherent Cartier module on Y . For essentially étale f , there
is a canonical isomorphism bc: FX∗f
∗ ∼−→ f∗FY ∗. Hence we may equip f
∗M with the
structural morphism given by the composition
FX∗f
∗M
bc
−→ f∗FY ∗M
f∗κM−−−→ f∗M.
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As f∗ preserves coherence, we obtain a functor Cohκ(Y ) −→ Cohκ(X). It is easy to see
that f∗ preserves nilpotency. Therefore, and by exactness of f∗, we obtain the desired
functor Dbcrys(QCrysκ(Y )) −→ D
b
crys(QCrysκ(Y )).
In the case of a closed immersion f , the composition
f ♭M
f♭κ˜
−−→ f ♭F ♭YM
∼
−→ F ♭Xf
♭M,
where κ˜ is the adjoint of κ, is a natural Cartier structure for the OX -module f
♭M .
Once again it remains to check that it gives rise to a functor f !Dbcrys(QCrysκ(Y )) −→
Dbcrys(QCrysκ(X)). The adjunctions of Rf∗ and f
∗ or f ! follow from the corresponding
adjunctions for quasi-coherent sheaves. For more details see [BB13, Proposition 3.3.19]
and [BB13, Corollary 3.3.24].
Now let i : Z −→ X be a closed immersion and j : U −→ X the open immersion
of the complement X\Z. Note that for a closed immersion i, the functor i∗ is exact
and therefore we drop the R indicating derived functors. The units and counits of the
adjunctions between i∗ and i
! and between Rj∗ and j
∗ lead to a familiar distinguished
triangle.
Theorem 1.8 ([BB13, Theorem 4.1.1]). In D+crys(QCrysκ(X)) there is a distinguished
triangle
i∗i
! −→ id −→ Rj∗j
∗ −→ i∗i
![1].
This theorem shows the equivalence mentioned in the following definition.
Definition 1.9. A complex M• of Dbcrys(QCrysκ(X)) is supported on Z if j
!M• = 0
or, equivalently, if the natural morphism i∗i
!M• −→ M• is an isomorphism. We let
Dbcrys(QCrysκ(X))Z denote the full triangulated subcategory consisting of complexes
supported in Z.
For Cartier crystals, there is a natural isomorphism of functors i∗i
! ∼= RΓZ where
RΓZ is the local cohomology functor, see [BB11, Proposition 2.5] for the basic result
concerning the abelian categories of Cartier modules and the proof of [BB13, Theorem
4.1.1]. This isomorphism identifies the distinguished triangle of Theorem 1.8 with the
fundamental triangle of local cohomology. The following theorem is a formal consequence
of Theorem 1.8:
Theorem 1.10 ([BB13, Theorem 4.1.2]). Let i : Z −֒→ X be a closed immersion. The
functors i∗ and i! are a pair of inverse equivalences
Dbcrys(QCrysκ(Z)))
i∗ // Dbcrys(QCrysκ(X))Z .
i!
oo
We call this equivalence the Kashiwara equivalence. If Z is a singular scheme which
is embeddable into a smooth scheme X, the Kashiwara equivalence enables us to work
with objects in Dbcrys(QCrys(X)) instead of D
b
crys(QCrys(Z)).
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1.3 Review of locally finitely generated unit modules
In [EK04], Emerton and Kisin consider left OF,X-modules, i.e. OX-modules M with a
structural morphism F ∗M −→M. Instead of localizing, they pass to a certain subcat-
egory. If we speak of OF,X-modules we mean left OF,X-modules. In this subsection, all
schemes are separated and of finite type over a field k containing Fp.
Definition 1.11. Let X be a variety over k. A quasi-coherent OF,X-module is an OF,X-
module whose underlying OX -module is quasi-coherent. If the structural morphism
F ∗M −→M of a quasi-coherent OF,X-module M is an isomorphism, then M is called
unit. We let µ(X) and µu(X) denote the abelian categories of quasi-coherent and quasi-
coherent unit OF,X-modules.
The term “locally finitely generated” for an OF,X-moduleM means thatM is locally
finitely generated as a left OF,X-module. Emerton and Kisin’s focus is on locally finitely
generated unit modules, lfgu for short, on smooth schemes, where they form an abelian
category.
Definition 1.12. We let µlfgu(X) denote the abelian category of locally finitely gener-
ated unit OF,X-modules. We let Dlfgu(OF,X) denote the derived category of complexes
of OF,X-modules whose cohomology sheaves are lfgu.
Proposition 1.13. Let f : X −→ Y be a morphism of smooth k-schemes. The functor
f ! : D(OF,Y ) −→ D(OF,X) defined by
f !M• = OF,X→Y
L
⊗f−1OF,Y f
−1M•[dX/Y ]
restricts to a functor
f ! : Dblfgu(OF,Y ) −→ D
b
lfgu(OF,X).
Here OF,X→Y denotes OF,X with the natural (OF,X , f−1OF,Y )-bimodule structure.
Proof. This is Lemma 2.3.2 and Proposition 6.7 of [EK04].
Example 1.14. Let f : U −→ X be an open immersion of smooth k-schemes. Then we
have dU/X = 0 and the inverse image of OF,X is the restriction to U :
f−1OF,X = OF,X |U = OF,U .
Hence we regard OF,U→X as OF,U with the usual (OF,U ,OF,U )-bimodule structure. It
follows that f !M = f∗M with the natural structure as a left OF,U -module for every left
OF,X-module M.
The construction of the push-forward is more involved. Emerton and Kisin first
show that OF,Y←X = f
−1OF,Y ⊗f−1OY ωX/Y is naturally an (f
−1OF,Y ,OF,X)-bimodule.
12
We summarize the construction of the right OF,X-module structure from Proposition-
Definition 1.10.1, Proposition-Definition 3.3.1 and Appendix A.2 of [EK04]: The relative
Frobenius diagram is the diagram
X
FX/Y
//
f
  
❇❇
❇❇
❇❇
❇
❇ X
′
F ′Y //
f ′

X
f

Y
FY // Y.
(1)
Here X ′ is the fiber product of X and Y considered as a Y -scheme via the Frobenius
and FX/Y is the map obtained from the Frobenius FX : X −→ X and the morphism
f . We call FX/Y the relative Frobenius. Unlike FX , it is a morphism of Y -schemes.
Locally, for X = SpecS and Y = SpecR, the structure sheaf of X ′ is given by the tensor
product R⊗R S, where R is viewed as an R-module via the Frobenius FR. Globally we
have an isomorphism OX′ ∼= f
−1OXF ⊗f−1OY OY where OXF denotes the submodule of
OX [F ] = OF,X generated as a left OX -module by F . Consequently, for any OX -module
M , F ′∗Y M may be viewed as f
−1OXF ⊗f−1OY M .
Let γ : OY −→ F
∗
YOY be the canonical isomorphism. The adjoint of the composition
f !OY
∼
−→ F !X/Y f
′!OY
F !
X/Y
f ′!γ
−−−−−−→ F !X/Y f
′!F ∗YOY
∼
−→ F !X/Y F
′∗
Y f
!OY
yields a morphism CX/Y : FX/Y ∗ωX/Y −→ F
′∗
Y ωX/Y called the relative Cartier opera-
tor. Note that FX/Y is the identity on the underlying topological spaces of X and X ′.
Therefore CX/Y defines a map of abelian sheaves ωX/Y −→ F
′∗
Y ωX/Y . Together with
the identification F ′∗Y ωX/Y
∼= f−1OXF ⊗f−1OY ωX/Y and the inclusion OXF ⊂ OF,X
the relative Cartier defines a map ωX/Y −→ f
−1OF,Y ⊗f−1OY ωX/Y . Now we can state
the structure of f−1OF,Y ⊗f−1OY ωX/Y as a right OF,X-module. The endomorphism on
f−1OF,Y ⊗f−1OY ωX/Y induced by multiplication with F ∈ OF,X on the right is given
by the composition
f−1OF,Y ⊗f−1OY ωX/Y
CX/Y
−−−→ f−1OF,Y ⊗f−1OY f
−1OF,Y ⊗f−1OY ωX/Y
m
−→ f−1OF,Y ⊗f−1OY ωX/Y ,
where m is the the multiplication a⊗ b 7→ ab in the sheaf of rings f−1OF,Y . The functor
f+ : D(OF,X) −→ D(OF,Y ) is then defined by
f+M
• = Rf∗(OF,Y←X
L
⊗OF,X M
•).
Proposition 1.15. The functor f+ : D(OF,X) −→ D(OF,Y ) restricts to a functor
f+ : D
b
lfgu(OF,X) −→ D
b
lfgu(OF,Y ).
Proof. This is Theorem 3.5.3 and Proposition 6.8.2 of [EK04].
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Example 1.16. Once again, let f : U −→ X be an open immersion. Then FU/X is an
isomorphism, identifying X ′ with the open subset U of X, and ωU/X = f
!OX = f
∗OX =
OU . Therefore we have
OF,X←U = f
−1OF,X ⊗f−1OX OU = OF,U ⊗OU OU .
The left OF,U -module structures of OF,U ⊗OU OU and OF,U are obviously compatible
with the natural isomorphism OF,U ⊗OU OU
∼= OF,U . One verifies that this isomorphism
identifies the right OF,U -module structure on OF,U ⊗OU OU with the natural one on
OF,U .
Depending on f , there are adjunction relations between f ! and f+. If f is a closed
immersion, a Kashiwara-type equivalence for unit modules holds.
Lemma 1.17 ([EK04, Lemma 4.3.1.]). If f : X −→ Y is an open immersion of smooth
k-schemes, then, for any M• ∈ D−(OF,Y ) and any N • ∈ D+(OF,X), there is a natural
isomorphism
RHom•OF,Y (M
•, f+N
•)
∼
−→ Rf∗RHom
•
OF,X (f
!M•,N •)
in D+(X,Z/pZ).
Theorem 1.18 ([EK04, Theorem 4.4.1]). Let f : X −→ Y be a proper morphism of
smooth k-schemes. For every M• in Dbqc(OF,X) and every N
• in Dbqc(OF,Y ), there is a
natural isomorphism in D+(X,Z/pZ):
RHom•OF,Y (f+M
•,N •)
∼
−→ Rf∗RHom
•
OF,X (M
•, f !N •).
Here Dbqc(OF,X) denotes the subcategory of D
b(OF,X) of complexes whose cohomology
sheaves are quasi-coherent and analogously for Dbqc(OF,Y ).
For the proof, Emerton and Kisin show that the trace map f∗f
∆E• −→ E• for the
residual complex E• of OX is compatible with the natural map E
• −→ F ∗XE
•. Here
f∆ denotes the functor f ! for residual complexes, see [Har66, VI.3]. Thus it induces a
morphism f+OF,X [dX/Y ] −→ OF,Y , and with the isomorphisms
f+f
!F• −→ f+(OF,X ⊗OF,X f
!F•) −→ f+OF,X [dX/Y ]
L
⊗OF,Y F
•,
the second one being a projection formula ([EK04, Lemma 4.4.7]), we obtain a trace map
tr : f+f
!F• −→ F• for every F• ∈ Dblfgu(OF,Y ). Similarly, as in the case of the adjunction
between Rf∗ and f
! in Grothendieck-Serre duality, the natural transformation of the
theorem is obtained by the composition
Rf∗RHom
•
OF,X (M
•, f !N •) // RHom•OF,Y (f+M
•, f+f
!N •)
tr

RHom•OF,Y (f+M
•,N •),
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where the horizontal arrow is a natural transformation constructed in [EK04, Proposition
4.4.2]. It is this adjunction between f+ and f
! that we want to extend to morphisms
which are only proper over the support of the considered complexes. This will be done
in section 4.
Finally, for a closed immersion of smooth varieties, we have a Kashiwara type equiv-
alence.
Theorem 1.19 ([EK04, Theorem 5.10.1]). If f : X −→ Y is a closed immersion of
smooth k-schemes, then the adjunction of Theorem 1.18 provides an equivalence between
the category of unit OF,X-modules and the category of unit OF,Y -modules supported on X.
The fact that the natural map f+f !M−→M is an isomorphism implies that H0(f !)M∼=
f !M.
2 From Cartier crystals to locally finitely generated unit
modules
In order to construct an equivalence between Cartier crystals and locally finitely gen-
erated unit modules, one uses an equivalence between Cartier modules and so-called
γ-sheaves. It will induce an equivalence between Cartier crystals and γ-crystals. The
latter in turn are known to be equivalent to lfgu modules.
2.1 Cartier modules and γ-sheaves
We note that for a regular scheme X, the Frobenius FX : X −→ X is a flat morphism
and hence F ∗X is exact ([Kun69, Theorem 2.1]).
Definition 2.1. A γ-sheaf on a regular, F -finite scheme X is a quasi-coherent OX -
module N together with a morphism γN : N −→ F
∗N .
The theory of γ-sheaves is very similar to that of Cartier modules. With the obvious
morphisms, γ-sheaves form an abelian category with the nilpotent γ-sheaves being a
Serre subcategory. We obtain γ-crystals in the same way as we obtained Cartier crystals
and so forth. In this section we revisit the connection between Cartier modules and
γ-sheaves as explained in section 5.2.1 of [BB11] and give some details of the proof.
Definition 2.2. For any isomorphism ϕ : E1 −→ E2 of invertible OX -modules, while
ϕ−1 : E2 −→ E1 denotes the inverse, let ϕ
∨ denote the induced isomorphism E−12 −→ E
−1
1
between the duals.
If we speak of the γ-sheaf OX we mean the structure sheaf of X together with the
natural isomorphism γX : OX −→ F
∗OX . By abuse of notation we call this isomorphism
the Frobenius.
For a regular, F -finite scheme X, let κX , or κR if X = SpecR is affine, denote the
natural isomorphism ωX
∼
−→ F ♭ωX , which is the adjoint of the Cartier operator if X is
a smooth variety.
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The next lemma makes explicit a fundamental isomorphism, which will be used re-
peatedly.
Lemma 2.3 ([BB11, Lemma 5.7]). Let f : X −→ Y be a finite and flat morphism of
schemes. For every quasi-coherent OY -module F , there is a natural isomorphism
can : f ♭OX ⊗OX f
∗G
∼
−→ f ♭G.
Proof. It suffices to construct a natural isomorphism locally and therefore we can iden-
tify f with a ring homomorphism R −→ S and F with an R-module M . Define the
homomorphism
can : HomR(S,R)⊗S (M ⊗R S) −→ HomR(S,M)
of S-modules by mapping α ⊗ (m ⊗ t) to the homomorphism s 7→ α(st)m. Since f is
finite flat, we can assume that S is a free R-module and choose a basis s1, s2, . . . , sn. Let
ϕ1, . . . , ϕn be the dual basis, i.e. ϕi ∈ HomR(S,R) and ϕi(j) = δij . One easily checks
that the map
HomR(S,M) −→ HomR(S,R)⊗S (M ⊗R S)
ϕ 7→
n∑
i=1
ϕi ⊗ ϕ(si).
is inverse to can.
The following definition is extracted from [BB11, Theorem 5.9].
Definition 2.4. Let X be a regular, F -finite scheme.
(a) For every Cartier module M with structural morphism κ, the sheaf M ⊗ ω−1X has
a natural γ-structure given by the composition
M ⊗ ω−1X
κM⊗(κ
∨
X)
−1

F ♭M ⊗ (F ♭ωX)
−1 can
−1⊗ can∨
//
∼

F ♭OX ⊗ F
∗M ⊗ (F ♭OX)
−1 ⊗ F ∗ω−1X
∼

F ∗(M ⊗ ω−1X ) F
♭OX ⊗ (F
♭OX)
−1 ⊗ F ∗M ⊗ F ∗ω−1X ,ev
oo
where the vertical arrow on the right is the permutation and evL : L⊗OX L
−1 ∼−→
OX is the evaluation map l ⊗ ϕ 7→ ϕ(l). This morphism is called the γ-structure
of M ⊗ ω−1X induced by κM .
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(b) For every γ-module N with structural morphism γN , the sheaf N ⊗ ωX has a
natural Cartier structure given by the composition
N ⊗ ωX
γN⊗κX

F ∗N ⊗ F ♭ωX
id⊗can−1
//
∼

F ∗N ⊗ F ♭OX ⊗ F
∗ωX
∼

F ♭(N ⊗ ωX) F
♭OX ⊗ F
∗N ⊗ F ∗ωX ,can
oo
where the vertical arrow on the right is the permutation. This morphism is called
the Cartier structure of N ⊗ ωX induced by γN .
Remark 2.5. Thanks to the fact that the proof of Lemma 2.3 contains explicit formulas
for the isomorphism can and its inverse, we can concretely describe the induced Cartier
structure of N ⊗ ωR for a γ-module N over a regular ring R such that F∗R is free with
basis s1, . . . , sr. Form ∈ ωR set ϕm := κR(m) and let ϕ1, . . . , ϕr ∈ HomR(F∗R,R) be the
dual basis of s1, . . . , sr, this means ϕi(sj) = δij . Following the arrows of Definition 2.4,
we see that the Cartier structure N ⊗ ωX −→ F
♭(N ⊗ ωX) is given by
n⊗m 7→ γ(n)⊗ ϕm
7→
∑
i
γ(n)⊗ ϕi ⊗ ϕm(si)
7→ (s 7→
∑
i
γ(n)⊗ ϕi(s)⊗ ϕm(si)).
We will need this concrete version later on to prove that, for affine schemes, assigning
a Cartier module to a γ-sheaf commutes with certain pullbacks, see Lemma 2.17. The
use of the isomorphism F ♭OX ⊗ (F
♭OX)
−1 ∼= OX involves the concrete formula for the
structural morphism of the γ-sheaf associated to a Cartier module.
Lemma 2.6. Let (N, γN ) be a γ-sheaf on a regular, F -finite scheme X. The adjoint
F∗(N ⊗ ωX) −→ N ⊗ ωX of the structural morphism of the Cartier module N ⊗ ωX is
given by the composition
F∗(N ⊗ ωX)
γN−−→ F∗(F
∗N ⊗ ωX)
∼
−→ N ⊗ F∗ωX
κ˜X−−→ N ⊗ ωX ,
where the isomorphism in the middle is given by the projection formula.
Proof. By construction, the structural morphism of N ⊗ ωX is the composition of the
upper horizontal and the rightmost vertical arrow of the following diagram:
N ⊗ ωX
γN //
adj

F ∗N ⊗ ωX
adj
//
adj

F ∗N ⊗ F ♭F∗ωX
∼

κ˜X // F ∗N ⊗ F ♭ωX
∼

F ♭F∗(N ⊗ ωX)
γN // F ♭F∗(F
∗N ⊗ ωX)
proj−1
// F ♭(N ⊗ F∗ωX)
κ˜X // F ♭(N ⊗ ωX).
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Here adj denotes the respective adjunction morphism and proj is the isomorphism from
the projection formula. The third and the fourth vertical morphism are isomorphisms
stemming from can. For example, the morphism F ∗N ⊗F ♭ωX −→ F
♭(N ⊗ F∗ωX) is the
composition
F ∗N ⊗ F ♭ωX
id⊗ can−1
−−−−−−→ F ∗N ⊗ F ∗ωX ⊗ F
♭OX
can
−−→ F ♭(N ⊗ ωX).
Following the leftmost vertical and the lower horizontal arrows we obtain the adjoint of
the morphism which is claimed to be the adjoint of the Cartier structure of N ⊗ ωX .
Hence it suffices to show that the diagram above is commutative.
The first and the last square commute by functoriality. The commutativity of the
square in the middle can be checked locally on affine open subsets of X because F is an
affine morphism.
For the proof of Proposition 2.10, we need the isomorphism ωX ⊗ ω
−1
X
∼= OX of γ-
sheaves, which is a consequence of the following general lemma.
Lemma 2.7. Let f : X −→ Y be a morphism of schemes and L an invertible OY -module.
(a) If ρ : L ∼−→ L1 ⊗OX L2 is an isomorphism with invertible OX -modules L1 and L2,
then the diagram
L ⊗L−1
ρ⊗(ρ∨)−1
//
evL

L1 ⊗ L2 ⊗ L
−1
1 ⊗ L
−1
2
id⊗ evL1 // L2 ⊗ L
−1
2
evL2
rr❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
❡❡❡❡
❡
OX
commutes.
(b) The diagram of canonical isomorphisms
f∗(L ⊗OY L
−1)

// f∗L ⊗OX (f
∗L)−1

f∗OX // OY
commutes.
Proof. It suffices to verify the claims for an affine scheme X = SpecR and, for (b), for
a morphism of affine schemes SpecS −→ SpecR and an R-module M . In this affine
situation the claims follow from straightforward calculations.
Example 2.8. The γ-sheaf ω := ωX ⊗ω
−1
X on a regular, F -finite scheme X is canonically
isomorphic to the structure sheaf OX equipped with the natural morphism OX −→
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F ∗OX . We have to show that the diagram
ωX ⊗ ω
−1
X
(can−1 ◦κX)⊗(can
−1 ◦(κ∨X)
−1)

evωX // OX
id

F ♭OX ⊗ F
∗ωX ⊗ (F
♭OX)
−1 ⊗ F ∗ω−1X
ev
F♭OX
⊗ id ∼

F ∗ωX ⊗ F
∗ω−1X evF∗ωX
∼ //
∼

OX
γX

F ∗(ωX ⊗ ω
−1
X ) F ∗ evωX
∼ // F ∗OX
commutes. The commutativity of both the top and the bottom rectangle follows from
Lemma 2.7. Note that the horizontal isomorphisms of the lower square are the inverses
of the natural isomorphisms of part (b) of Lemma 2.7. By definition, the γ-structure
of ωX ⊗ ω
−1
X is given by the composition of the vertical arrows on the right. Hence the
γ-structure of OX with respect to the natural isomorphism OX
ev−1ωX−−−→ ωX ⊗ ω
−1
X is the
Frobenius.
Similarly, starting with the γ-module OX , the induced Cartier structure of OX ⊗ ωX
is compatible with κX with respect to the isomorphism OX ⊗ ωX ∼= ωX .
Definition 2.9. Let QCohγ(X) denote the category of γ-sheaves and let Cohγ(X)
denote the category of γ-sheaves whose underlying OX -module is coherent. We let
QCrysγ(X) and Crysγ(X) denote the corresponding categories of crystals, see Definition 1.3.
Proposition 2.10. If X is a regular, F -finite scheme, then tensoring with ωX and its
inverse induces inverse equivalences of categories between Cartier modules and γ-sheaves
on X:
QCohκ(X)
⊗OXω
−1
X
//
QCohγ(X)
⊗OXωX
oo
and
Cohκ(X)
⊗OXω
−1
X
//
Cohγ(X).
⊗OXωX
oo
In terms of this equivalence, the Cartier module (ωX , κX) corresponds to the γ-sheaf
(OX , γX).
Proof. Let ω denote the γ-sheaf ω−1X ⊗ ωX and γω its structural morphism. (Note that
there is no considerable difference between ωX ⊗ ω
−1
X and ω
−1
X ⊗ ωX .) We start with a
Cartier module (M,κM ). Consider the diagram (3) on page 23. Passing through the top
arrow we follow the construction of the structural morphism of M ⊗ω−1X ⊗ωX while the
structural morphism of κM is given by the composition of the horizontal arrows on the
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bottom: κM = can ◦(can
−1 ◦κM ). Hence we have to show that (3) is commutative. Here
µ denotes a permutation of the tensor product followed by the evaluation map, similar
to the top most horizontal arrow. More precisely, it is the composition
F ♭OX ⊗ F
∗M ⊗ (F ♭OX)
−1 ⊗ F ∗ω−1X ⊗ F
♭OX ⊗ F
∗ωX
∼

F ♭OX ⊗ F
∗M ⊗ F ∗ω−1X ⊗ ((F
♭OX)
−1 ⊗ F ♭OX)⊗ F
∗ωX
ev

F ♭OX ⊗ F
∗M ⊗ F ∗ω−1X ⊗ F
∗ωX
∼

F ♭OX ⊗ F
∗(M ⊗ ω−1X ⊗ ωX)
of natural isomorphisms and ev. For simplicity, we will not distinguish between F ∗(M ⊗
ω−1X ⊗ ωX) and F
∗M ⊗ F ∗ω−1X ⊗ F
∗ωX . The commutativity of the upper square is an
easy computation.
In the lower left square the map from M ⊗ ωX ⊗ ω
−1
X to F
♭OX ⊗ F
∗(M ⊗ ω−1X ⊗ ωX)
is the composition
M ⊗ωX ⊗ω
−1
X
can−1 ◦κM−−−−−−−→ F ♭OX ⊗F
∗M ⊗ω−1X ⊗ωX
id⊗γω
−−−−→ F ♭OX ⊗F
∗(M ⊗ω−1X ⊗ωX).
Hence it suffices to show that
F ∗M ⊗ ω−1X ⊗ ωX
id⊗γω

F ∗M ⊗OX
id⊗δ
∼
oo
∼
//
id⊗F

F ∗M
∼

F ∗M ⊗ F ∗(ω−1X ⊗ ωX) F
∗M ⊗ F ∗OX
id⊗F ∗δ
∼
oo
∼
// F ∗(M ⊗OX)
(2)
is commutative. The commutativity of the left square is Example 2.8 tensored with
F ∗M . That the right square commutes can easily be checked by hand: For an arbitrary
commutative ring R, an R-algebra S and an R-module M , the diagram
(M ⊗R S)⊗S S //

M ⊗R S

(M ⊗R S)⊗S (R ⊗R S) // (M ⊗R R)⊗R S
of natural homomorphisms is commutative. Along both ways an element (m⊗ s1)⊗ s2
is mapped to (m⊗ 1)⊗ s1s2. Locally the right square of (2) is just a special case of this
diagram.
Now let (N, γN ) be a γ-sheaf. By definition, the structural morphism γ
′
N of N ⊗ωX⊗
ω−1X is the line in the middle of the diagram (4). The upper squares of this diagram
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commute by construction. Here the horizontal morphism to the top right corner is given
by id⊗(can−1 ◦κ˜X) and the horizontal morphism below is the unique morphism making
the upper right square commute. Therefore we see that γ′N is the tensor product of γN
and γω, i.e. the bottom rectangle of (4) is commutative.
Now consider the diagram
N ⊗ ω
id⊗γω
// N ⊗ F ∗ω
γN⊗id // F ∗N ⊗ F ∗ω
∼ // F ∗(N ⊗ ω)
N ⊗OX
id⊗δ
OO
id⊗γX // N ⊗ F ∗OX
id⊗F ∗δ
OO
γN⊗id // F ∗N ⊗ F ∗OX
id⊗F ∗δ
OO
∼ // F ∗(N ⊗OX)
F ∗(id⊗δ)
OO
N
∼
OO
γN // F ∗N ⊗OX
id⊗γX
OO
∼ // F ∗N.
∼
OO
The upper left square is the commutative diagram of Example 2.8 tensored with N .
The upper square in the middle and the bottom left rectangle are clearly commutative.
The square to the left of it commutes because of the naturality of the isomorphism
F ∗N ⊗ F ∗( )
∼
−→ F ∗(N ⊗ ). We already have seen that the bottom right square
commutes: It is the same square as the left one of diagram (2) with M replaced by N .
Moreover, the composition of the leftmost arrow is N ⊗ δ and the composition of the
rightmost arrow is F ∗(N ⊗ δ).
Hence the structural morphism of N is compatible with γN ⊗ γω, which turned out to
be compatible with the structural morphism induced from the Cartier module N ⊗ ωX .
Thus we can extract the commutative diagram
N ⊗ ωX ⊗ ω
−1
X
γ′N // F ∗(N ⊗ ωX ⊗ ω
−1
X )
N
id⊗δ
OO
γN // F ∗N.
F ∗(id⊗δ)
OO
It follows that the functors ⊗ ω−1X and ⊗ ωX are inverse equivalences. From
Example 2.8 we know that ⊗ ω−1X maps ωX with the structural morphism κX to OX
with the structural morphism γX . Consequently, ⊗ωX maps the γ-sheaf (OX , γX) to
the Cartier module (ωX , κX).
Corollary 2.11. Tensoring with ωX and with ω
−1
X induces equivalences of categories
QCrysκ(X)
⊗OXω
−1
X
//
QCrysγ(X)
⊗OXωX
oo
and
Crysκ(X)
⊗OXω
−1
X
//
Crysγ(X)
⊗OXωX
oo
for every regular, F -finite scheme X.
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Corollary 2.12. If X is regular and F -finite, the categories QCohγ(X) and QCrysγ(X)
have enough injectives.
Proof. This follows from Proposition 1.4 and Corollary 2.11.
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(F ♭OX ⊗ (F
♭OX)
−1)⊗ F ∗M ⊗ F ∗ω−1X ⊗ F
♭OX ⊗ F
∗ωX
ev // F ∗M ⊗ F ∗ω−1X ⊗ F
♭OX ⊗ F
∗ωX
∼

F ♭OX ⊗ F
∗M ⊗ (F ♭OX)
−1 ⊗ F ∗ω−1X ⊗ F
♭OX ⊗ F
∗ωX
∼
OO
µ
// F ♭OX ⊗ F
∗(M ⊗ ω−1X ⊗ ωX)
can // F ♭(M ⊗ ω−1X ⊗ ωX)
M ⊗ ω−1X ⊗ ωX
can−1(κM⊗(κ
∨
X)
−1⊗κX)
OO
M
∼id⊗δ
OO
can−1 ◦κM // F ♭OX ⊗ F
∗M
id⊗F ∗(id⊗δ)
OO
can // F ♭M
F ♭ϕ
OO
(3)
F ∗N ⊗ F ♭OX ⊗ F
∗ωX ⊗ ω
−1
X
∼ // F ♭OX ⊗ F
∗N ⊗ F ∗ω−1X ⊗ ω
−1
X
//
can ∼

F ♭OX ⊗ F
∗N ⊗ F ∗ω−1X ⊗ (F
♭OX)
−1 ⊗ F ∗ω−1X
∼ evF♭OX
⊗ id

N ⊗ ωX ⊗ ω
−1
X
γN⊗(can−1 ◦κX)⊗id
OO
κN⊗ωX // F ♭(N ⊗ ωX)⊗ ω
−1
X
// F ∗(N ⊗ ωX ⊗ ω
−1
X )
N ⊗ ωX ⊗ ω
−1
X
γN⊗γω // F ∗N ⊗ F ∗(ωX ⊗ ω
−1
X )
∼ // F ∗(N ⊗ ωX ⊗ ω
−1
X )
(4)
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2.2 Compatibility with pull-back
The pull-back of quasi-coherent sheaves defines a pull-back functor on γ-sheaves:
Definition 2.13. Let f : X −→ Y be a morphism of regular schemes and N a γ-sheaf on
Y with structural morphism γN . The γ-structure for f
∗N is defined as the composition
f∗N
f∗γN−−−→ f∗F ∗YN
∼
−→ F ∗Y f
∗N.
First we consider a closed immersion i : X −→ Y of regular F -finite schemes. The aim
is to prove the following theorem:
Theorem 2.14. Let i : X −→ Y be a closed immersion of regular, F -finite schemes with
codimension n. Then there is a canonical isomorphism of functors
⊗ ω−1X ◦R
ni♭ ∼= i∗ ◦ ⊗ ω−1Y
inducing a corresponding isomorphism of functors of crystals, i.e. the diagram
Crysκ(Y )
Rni♭

⊗OY ω
−1
Y
//
Crysγ(Y )
⊗OY ωY
oo
i∗

Crysκ(X)
⊗OXω
−1
X
//
Crysγ(X)
⊗OXωX
oo
is commutative.
We begin with the affine case. Noting that any closed immersion of regular schemes
is a local complete intersection morphism, it suffices to consider the case of a complete
intersection, where the pull-back of a Cartier module can be computed by using the
Koszul complex.
Lemma 2.15. Let f = f1, f2, . . . , fn be a regular sequence of elements of a commutative
ring R. Let I be the ideal generated by the fi. Then for every Cartier module M with
structural map κ, there is an isomorphism
ϕf : Ext
n
R(R/I,M)
∼
−→M/IM
where M/IM is viewed as an R/I-module with the Cartier structure
κM/IM : F∗M/IM −→M/IM
m+ IM 7→ κM ((f1 · f2 · · · fn)
p−1m) + IM.
Proof. By definition we have to compute RHomR(R/I,M). The structural morphism
κi♭M : F∗i
♭M −→ i♭M equals the composition
F∗RHomR(R/I,M) −→ RHomR(F∗R/I, F∗M) −→ RHomR(R/I,M),
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where the first morphism is the canonical one and the second is induced by F : R/I −→
F∗R/I in the first and κ : F∗M −→ M in the second argument. A free resolution of the
R-module R/I is given by the Koszul chain complex K(f). It is the total tensor product
complex in the sense of [Wei94, 2.7.1] of the following complexes K(fi)
0 −→ R
fi−→ R −→ 0
concentrated in degrees −1 and 0. Each complex K(fi) admits a lift of the Frobenius
F : R −→ F∗R in degree 0 by mapping r to r
pfp−1i . This means the diagrams
0 // R
fp−1i F

fi // R
F

// 0
0 // F∗R
fi // F∗R // 0
commute. The maps R
fp−1i−−−→ F∗R give rise to a map of complexes F : K(f) −→ F∗K(f)
lifting the Frobenius in degree zero: In general, if ϕ : M −→ F∗M and ψ : N −→ F∗N are
R-linear maps, it is easy to check that the map
M ⊗R N −→M ⊗R N
m⊗ n 7→ ϕ(n)⊗ ψ(n)
of abelian groups is p-linear, i.e. it is an R-linear map M ⊗N −→ F∗(M ⊗N). Thus we
inductively obtain an R-linear morphism of complexes F : K(f) −→ F∗K(f). Unwinding
the definition of the tensor product of complexes, we see that the left end of this map is
the square
0 // R
∏n
i=1
fp−1i

((−1)i+1fi)i
// Rn
(
∏
j 6=i
fp−1j )i

// · · ·
0 // F∗R
((−1)i+1fi)i
// F∗R
n // · · ·
Consequently, the n-th degree of the composition
F∗HomR(K(f),M)
canonical
−−−−−→ HomR(F∗K(f ), F∗M)
F◦ ◦κ
−−−−→ HomR(K(f),M)
maps m to κ((
∏
fp−1i )m) by the identification HomR(R,M)
∼= M via ϕ 7→ ϕ(1). The
differential HomR(Kn−1(f),M) −→ HomR(Kn(f),M) corresponds to the map
Mn −→M
(mi)i 7→
∑
fimi.
The image is the submodule IM and thus the n-th cohomology of HomR(K(f ),M) is
isomorphic to M/IM , equipped with the claimed Cartier structure.
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Remark 2.16. The isomorphism ExtnR(R/I,M) −→ M/IM of the underlying sheaves is
not canonical. It depends on the choice of the regular sequence f . From the construction
of this isomorphism we see that if g = g1, . . . , gn is another regular sequence of R
generating I and gi =
∑
cijfj, the automorphism τ on M/IM making the diagram
M/IM
τ

ExtnR(R/I,M)
ϕf
77♦♦♦♦♦♦♦♦♦♦♦
ϕg
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
M/IM
commutative is given by multiplication with det(cij).
Nevertheless, interpreting the top-Ext-groups as quotient modules in the case we are
interested in, namely ExtnR(R/I,M) ⊗ Ext
n
R(R/I, ωR)
−1, leads to isomorphisms, which
are independent of the regular sequence generating I, since the correcting factors from
both terms cancel.
Lemma 2.17. Let R be a commutative ring such that F∗R is finite free, N a γ-module
over R and I ⊆ R an ideal which is generated by a regular sequence of length n. There
is a canonical isomorphism between Cartier modules
ExtnR(R/I,N ⊗ ωR)
∼= N/IN ⊗ ωR/I .
Proof. Choose a regular sequence f = f1, . . . , fn such that I is generated by the fi. Also
choose a basis r1, . . . , rt of R viewed as a free R-module via the Frobenius. The dual
basis ϕ1, . . . , ϕt is given by ϕi(rj) = δij . Let κ denote the intrinsic Cartier structure of
ExtnR(R/I,N ⊗ ωR) and κ˜ denote the Cartier structure of N/IN ⊗ ωR/I as explained
in Proposition 2.10. Identifying ExtnR(R/I,N ⊗ ωR) with (N ⊗ ωR)/I(N ⊗ ωR) via the
isomorphism ϕf from Lemma 2.15, we obtain the map
κ′ : F∗((N ⊗ ωR)/I(N ⊗ ωR)) −→ (N ⊗ ωR)/I(N ⊗ ωR)
n⊗m+ I(N ⊗ ωR) 7→
t∑
i=1
ϕi(1)γN (n)⊗ κR(rif
p−1m) + I(N ⊗ ωR)
as the induced Cartier structure on (N ⊗ ωR)/I(N ⊗ωR). Here γN is the γ-structure of
N .
Also identifying ωR/I ∼= Ext
n
R(R/I, ωR) with ωR/IωR via f , its Cartier structure κR/I
is given by m+IωY 7→ κR(f
p−1m)+I(ωY ). From this perspective, the Cartier structure
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of κ˜ of N/IN ⊗ ωR/I induces the structural morphism
κ˜′ : F∗(N/IN ⊗ ωR/IωR) −→ (N/IN ⊗ ωR/IωR)
n⊗m 7→
n∑
i=1
ϕi(1) · γN (n)⊗ κR(rifp−1m)
=
t∑
i=1
ϕi(1)γN (n)⊗ κR(rif
p−1m) + I(N ⊗ ωR)
on N/IN ⊗ ωR/IωR. Finally, there is a natural isomorphism
τ : (N ⊗R ωR)/I(N ⊗R ωR)
∼
−→ N/IN ⊗R/I ωR/IωR
of R-modules, mapping n⊗m to n⊗m. The explicit formulas for κ′ and κ˜′ show that
τ makes the square in the middle of the diagram
ExtnR(R/I,N ⊗R ωR)
ϕf

κ // F ♭ ExtnR(R/I,N ⊗R ωR)
F ♭ϕf

(N ⊗ ωR)/I(N ⊗ ωR)
κ′ //
τ

F ♭((N ⊗ ωR)/I(N ⊗ ωR))
F ♭τ

N/IN ⊗ ωR/IωR
κ˜′ // F ♭(N/IN ⊗ ωR/IωR)
i∗N ⊗R ωR/I
κ˜ //
id⊗ϕf
OO
F ♭(i∗N ⊗R ωR/I)
F ♭(id⊗ϕf )
OO
commutative. The squares above and below commute by construction. Let Φ be the
composition (id⊗ϕωRf )
−1 ◦ τ ◦ ϕN⊗ωRf . We have just seen that the diagram
ExtnR(R/I,N ⊗R ωR)
Φ

κ // F ♭ ExtnR(R/I,N ⊗R ωR)
F ♭Φ

i∗N ⊗R ωR/I
κ˜ // F ♭(i∗N ⊗R ωR/I)
commutes. Furthermore, Φ is natural: Let g = g1, . . . , gn be another regular sequence
generating I with gi =
∑
cijfj. Then, by Remark 2.16,
(id⊗ϕωRg )
−1 ◦ τ ◦ ϕN⊗ωRg = det(cij)
−1(id⊗ϕωRf )
−1 ◦ τ ◦ det(cij)ϕ
N⊗ωR
f
= (id⊗ϕωRf )
−1 ◦ τ ◦ ϕN⊗ωRf .
27
Proposition 2.18. Let i : X −֒→ Y be a closed immersion of regular, F -finite schemes
and let N be a γ-sheaf on Y . There is a canonical isomorphism
Φ: i
∗
ExtnOY (i∗OX , N ⊗OY ωY )
∼
−→ i∗N ⊗OX ωX
of Cartier modules, which is functorial in N . Here i denotes the flat morphism of ringed
spaces (X,OX ) −→ (Y, i∗OX).
Proof. Choose an affine open covering {Uk}k = SpecRk of Y such that iUk : i
−1(Uk) −֒→
Uk is a complete intersection. By refining the covering we can assume that F∗Rk is
free. Let Ik ⊆ Rk be the ideal such that i|Uk corresponds to the ring homomorphism
Rk −→ Rk/Ik. By Lemma 2.17, we have an isomorphism Ext
n
R(Rk/Ik, N |Uk ⊗ ωRk)
∼=
i∗N |Uk ⊗ ωRk/Ik , which is natural and therefore, we can glue the local isomorphisms to
the desired global map Φ.
Proposition 2.18 shows that there is a natural isomorphism of functors Rni♭ ◦ ⊗OY
ωY ∼= ⊗OX ωX ◦ i
∗. This enables us to prove Theorem 2.14 because ⊗OY ωY and
⊗OX ωX are equivalences of categories.
Proof of Theorem 2.14. For every γ-sheaf N on Y , there is an isomorphism
Rni♭(N ⊗OY ωY )
∼= i−1ExtnOY (i∗OX , N ⊗OY ωY )
∼= i∗N ⊗OX ωX
by Proposition 2.18, which is functorial in N . As ⊗OY ωY and ⊗OX ωX are equiv-
alences of categories, even the diagram
Cohκ(Y )
Rni!

⊗OY ω
−1
Y
//
Cohγ(Y )
⊗OY ωY
oo
i∗

Cohκ(X)
⊗OXω
−1
X
//
Cohγ(X)
⊗OXωX
oo
commutes. Passing to crystals finishes the proof.
Now we turn to open immersions.
Proposition 2.19. Let j : U −→ X be an open immersion of regular, F -finite schemes
and M a Cartier module on X. Then there is a natural isomorphism of γ-sheaves
j!M ⊗OU ω
−1
U
∼= j∗(M ⊗ ω−1X ).
Proof. One easily checks that, for a Cartier module M on X with structural morphism
κ˜ : M −→ F ♭XM , the Cartier structure on j
∗M is the composition
j∗M
j∗κ˜
−−→ j∗F ♭M
∼
−→ F ♭U j
∗M.
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The dualizing sheaf ωU of U is given by j
∗ωX . Therefore we have j
!M ⊗ ω−1U
∼= j∗(M ⊗
ω−1X ) and the diagram
j∗M ⊗ j∗ω−1X
∼

// F ♭j∗M ⊗ F ♭j∗ω−1X
∼

∼ // F ∗(j∗M ⊗ j∗ω−1X )
∼

j∗(M ⊗ ω−1X )
// j∗(F ♭M ⊗ F ♭ω−1X )
∼ // j∗F ∗(M ⊗ ω−1X )
commutes. Here the horizontal arrows are the γ-structures of j∗M⊗OU ω
−1
U and j
∗(M ⊗
ω−1X ).
2.3 Compatibility with push-forward
For the construction of a push-forward for γ-sheaves, we follow the construction given in
subsection 6.3 of [BB]. Then we show that the equivalence between Cartier modules and
γ-sheaves given by tensoring with the dualizing sheaf is compatible with push-forward
for morphisms of regular schemes. This proof is also mainly the one given in ibid. By
abuse of notation, let κX : FX∗ωX −→ ωX be the adjoint of the Cartier structure of ωX .
Definition 2.20 ([BB, Definition 6.3.1]). Let f : X −→ Y be a morphism of smooth,
F -finite k-schemes. Let N be a γ-sheaf on X. Then we define the push-forward f+N as
the twist of the push-forward f∗ of Cartier modules, i.e.
f+N = f∗(N ⊗OX ωX)⊗OY ω
−1
Y .
The push-forward for γ-crystals is the one induced by the just given push-forward of
γ-sheaves.
By construction, the push-forward for γ-sheaves is compatible with the push-forward
for Cartier modules. In order to show that f+ is compatible with the equivalence between
γ-crystals and lfgu modules, we need a different description of f+ for γ-sheaves based
on the relative Cartier operator.
We recall two general constructions, which are repeatedly used in this subsection. For
this we consider a morphism f : X −→ Y of arbitrary schemes over SpecZ. Let F be
a quasi-coherent OX -module and E a quasi-coherent OY -module. The adjoint of the
composition
f∗(f∗F ⊗OX E)
∼= f∗f∗F ⊗ f
∗E
a˜df⊗id
−−−−→ F ⊗ f∗E
where a˜df : f
∗f∗ −→ id is the counit of the adjunction, yields a natural morphism
proj: f∗F ⊗OX E −→ f∗(F ⊗ f
∗E).
As a consequence of the projection formula ([Har77, Exercise III.8.3]), it is an isomor-
phism if f is quasi-compact and separated and if E is locally free.
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For two morphisms f : X −→ S and g : Y −→ S, let f ′ : X×SY −→ Y and g
′ : X×SY −→
X be the projections such that the square
X ×S Y
f ′
//
g′

Y
g

X
f
// S
is cartesian. There is a canonical morphism of functors
bc: f∗g∗ −→ g
′
∗f
′∗
of quasi-coherent sheaves given by the adjoint of the composition
g∗
g∗ adf ′
−−−−→ g∗f
′
∗f
′∗ ∼= f∗g
′
∗f
′∗,
where adf ′ : id −→ f
′
∗f
′∗ is the unit of the adjunction. If g is affine, bc is an isomorphism.
To see this, we can assume that S, X and Y are affine, because g and therefore g′ is
an affine morphism. Then the claim is a well known property of the tensor product.
The morphism bc is also an isomorphism if X and Y are Noetherian, f is flat and g is
separated of finite type ([Har77, Proposition III.9.3]). The next lemma relates these two
isomorphisms.
Lemma 2.21. Let f : X −→ S and g : Y −→ S be morphisms of schemes and let f ′ : X×S
X −→ Y and g′ : X ×S Y −→ X be the projections. Then, for every quasi-coherent OX -
module F and every quasi-coherent OS-module E, the diagram
f∗F ⊗ g∗E
proj

f∗F ⊗ g∗E
proj

f∗(F ⊗ f
∗g∗E)
bc

g∗(g
∗f∗F ⊗ E)
bc

f∗(F ⊗ g
′
∗f
′∗E)
proj

g∗(f
′
∗g
′∗F ⊗ E)
proj

f∗g
′
∗(g
′∗F ⊗ f ′∗E)
∼ // g∗f
′
∗(g
′∗F ⊗ f ′∗E)
commutes.
Proof. For a morphism h of schemes, let a˜dh denote the counit of adjunction h∗h∗ −→ id.
The diagram of which we want to prove the commutativity is obtained by adjunction
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from the diagram
g′∗f∗f∗F ⊗ g
′∗f∗g∗E
∼ //
a˜df⊗id

f ′∗g∗f∗F ⊗ f
′∗g∗g∗E
bc⊗ id

f ′∗f ′∗g
′∗F ⊗ f ′∗g∗g∗E
a˜df ′⊗id

g′∗F ⊗ g′∗f∗g∗E
∼ //
id⊗ bc

g′∗F ⊗ f ′∗g∗g∗E
id⊗a˜dg

g′∗F ⊗ g′∗g′∗f
′∗E
id⊗a˜dg′

g′∗F ⊗ f ′∗E g′∗F ⊗ f ′∗E .
Both parts of the diagram are commutative by construction of the morphism bc.
We turn back to the situation of a morphism f : X −→ Y of smooth schemes over a field
k containing Fp. For simplicity, let ωf denote the relative dualizing sheaf ωX/Y = f
!OY .
Lemma 2.22. Let f : X −→ Y be a morphism of smooth, F -finite schemes over k. For
every γ-sheaf N on X, there is a natural isomorphism
f∗(N ⊗OX ωX)⊗OY ω
−1
Y −→ f∗(N ⊗OX ωf )
of quasi-coherent sheaves.
Proof. Since X and Y are smooth, any morphism X −→ Y is regular, i.e. it is a com-
position of a closed immersion X −→ W such that X is a local complete intersection in
W , followed by a smooth morphism W −→ Y . (For a smooth morphism f , the graph
factorization
X
(id,f)
−−−→ X ×k Y
prY−−→ Y,
where prY denotes the projection, satisfies this requirement.) For a closed immersion i
we have the isomorphism
i♭(ωY ) ∼= Li
∗ωY ⊗ ωf [−n]
of [Har66, Corollary III.7.3] and a smooth morphism is quasi-perfect, see [Sch18, Defi-
nition 3.3]. Overall, we see that there are natural isomorphisms
ωX ∼= f
!ωY
∼
−→ f !OY ⊗ Lf
∗ωY
∼
−→ ωf ⊗ f
∗ωY .
Now we obtain the desired isomorphism as the composition
f∗(N ⊗ ωX)⊗ ω
−1
Y
proj
−−→ f∗(N ⊗ ωX ⊗ f
∗ω−1Y )
∼= f∗(N ⊗ ωf ).
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With the relative Frobenius diagram
X
FX/Y
//
f
&&▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
FX
%%
X ′
F ′Y //
f ′

X
f

Y
FY // Y,
see diagram (1) and below for the notation, we can define a γ-structure γN,f for f∗(N ⊗
ωf ) by the composition
f∗(N ⊗ ωf )
∼
−→ f ′∗FX/Y ∗(N ⊗ ωf )
γN−→ f ′∗FX/Y ∗(F
∗
X/Y F
′∗
Y N ⊗ ωf )
proj−1
−−−−→ f ′∗(F
′∗
Y N ⊗ FX/Y ∗ωf )
CX/Y
−−−→ f ′∗(F
′∗
Y N ⊗ F
′∗
Y ωf )
bc
−→ F ∗Y f∗(N ⊗ ωf ).
We will show that γN,f is the structural morphism of f+N via the isomorphism of
Lemma 2.22. But first, we clarify how the relative Cartier operator is related to κX and
κY .
Lemma 2.23. With the notation of the preceding lemma, the composition
FY ∗(ωf ⊗ f
∗ωY )
∼
−→ F ′Y ∗FX/Y ∗(ωf ⊗ F
∗
X/Y f
′∗ωY )
proj−1
−−−−→ F ′Y ∗(FX/Y ∗ωf ⊗ f
′∗ωY )
CX/Y
−−−→ F ′Y ∗(F
′∗
Y ωf ⊗ f
′∗ωY )
proj
−−→ ωf ⊗ F
′
Y ∗f
′∗ωY
bc
−→ ωf ⊗ f
∗FY ∗ωY
κY−→ ωf ⊗ f
∗ωY
is compatible with the Cartier structure of ωX under the canonical isomorphism ωX ∼=
ωf ⊗ f
∗ωY .
Proof. In the appendix A.2.3. (iii) of [EK04], Emerton and Kisin explain how the relative
Cartier operators CX/Y , CY/Z and CX/Z are related for a composition X
f
−→ Y
g
−→ Z
of morphisms. Our lemma is the special case where Z = Speck and g is the structural
morphism of the k-scheme Y .
Proposition 2.24. Let f : X −→ Y be a morphism of smooth, F -finite schemes over k.
Let N be a γ-sheaf on X. The canonical isomorphism
f∗(N ⊗ ωf )
∼
−→ f∗(N ⊗ ωX)⊗ ω
−1
Y
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of quasi-coherent OY -modules from Lemma 2.22 is an isomorphism of γ-sheaves.
Proof. As ⊗ ωX and ⊗ ω
−1
Y are equivalences between the categories of γ-sheaves
and Cartier modules on X and on Y , it suffices to show that the canonical isomorphism
f∗(N ⊗ ωf )⊗ ωY
∼
−→ f∗(N ⊗ ωX) is an isomorphism of Cartier modules on Y . The left
hand side of the diagram
FY ∗(f∗(N ⊗ ωf )⊗ ωY )
proj
//
γN

FY ∗f∗(N ⊗ ωf ⊗ f
∗ωY )
γN

FY ∗(f∗(F
∗
YN ⊗ ωf )⊗ ωY )
proj
//
∼

FY ∗f∗(F
∗
XN ⊗ ωf ⊗ f
∗ωY )
∼

FY ∗(f
′
∗FX/Y ∗(F
∗
X/Y F
′∗
Y N ⊗ ωf )⊗ ωY ) FY ∗f
′
∗FX/Y ∗(F
∗
X/Y F
′∗
Y N ⊗ F
∗
X/Y f
′∗ωY ⊗ ωf )
∼

FY ∗(f
′
∗FX/Y ∗(F
∗
X/Y F
′∗
Y N ⊗ ωf )⊗ ωY )
proj−1

FY ∗f
′
∗FX/Y ∗(F
∗
X/Y (F
′∗
Y N ⊗ f
′∗ωY )⊗ ωf )
proj−1

FY ∗(f
′
∗(F
′∗
Y N ⊗ FX/Y ∗ωf)⊗ ωY )
CX/Y

proj
// FY ∗f
′
∗(F
′∗
Y N ⊗ f
′∗ωY ⊗ FX/Y ∗ωf )
CX/Y

FY ∗(f
′
∗F
′∗
Y (N ⊗ ωf )⊗ ωY )
bc−1

proj
// FY ∗f
′
∗(F
′∗
Y (N ⊗ ωf )⊗ f
′∗ωY )
∼

FY ∗(F
∗
Y f∗(N ⊗ ωf )⊗ ωY )
proj−1

f∗F
′
Y ∗(F
′∗
Y (N ⊗ ωf )⊗ f
′∗ωY )
proj−1

f∗(N ⊗ ωf ⊗ F
′
Y ∗f
′∗ωY )
bc−1

f∗(N ⊗ ωf )⊗ FY ∗ωY
κY

proj
// f∗(N ⊗ ωf ⊗ f
∗FY ∗ωY )
κY

f∗(N ⊗ ωf )⊗ ωY
proj
// f∗(N ⊗ ωf ⊗ f
∗ωY )
is the structural morphism of the Cartier module f∗(N ⊗ ωf ) ⊗ ωY . It is easy to see
that the right hand side is the structural morphism of the Cartier module f∗(N ⊗ωX) ∼=
f∗(N⊗ωF⊗f
∗ωY ). Hence we have to show that the diagram above commutes. The three
upper squares and the bottom square commute by the functoriality and the compatibility
of the projection formula with compositions of morphisms. The commutativity of the
fourth square from above follows from Lemma 2.21.
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2.4 Cartier crystals and locally finitely generated unit modules
The category of γ-sheaves was just an intermediate step on the way to locally finitely
generated unit modules. Recall that there is a functorial way of associating a unit
OX [F ]-module to a γ-sheaf N on X.
Definition 2.25. Let µu(X) denote the category of unit left OF,X-modules whose un-
derlying OX -module is quasi-coherent. For a smooth k-scheme X, let Gen be the functor
QCohγ(X) −→ µu(X)
which assigns to any quasi-coherent γ-sheaf N with structural morphism γ : N −→ F ∗N
the direct limit N of
N
γ
−→ F ∗N
F ∗γ
−−→ F 2∗N
F 2∗γ
−−−→ · · ·
together with the inverse of the induced isomorphism N
∼
−→ F ∗N .
Lemma 2.26. Let X be a smooth, F -finite k-scheme. The functor Gen is essentially
surjective and induces an equivalence of categories
QCrysγ(X)
∼
−→ µu(X).
Proof. Let Neg : µu(X) −→ QCohγ(X) be the functor which assigns to a quasi-coherent
unit OF,X-module M with structural morphism u : F
∗M −→ M the quasi-coherent γ-
sheaf M whose structural morphism is given by the inverse of u. Obviously there is a
natural isomorphism
Gen ◦Neg
∼
−→ id,
whence the surjectivity of Gen.
For a quasi-coherent γ-sheaf N , the corresponding crystals N is nil-isomorphic to
the corresponding crystal of Neg ◦Gen(N). The reason for this is the fact that the
structural morphism γ : N −→ F ∗N of a quasi-coherent γ-sheaf N is a nil-isomorphism:
It is immediate that the structural map of the kernel and the cokernel of γ, interpreted
as a morphism of γ-sheaves, is the zero map.
The image of Gen of the subcategory Cohγ(X) of coherent γ-sheaves on X is the
category µlfgu(X). Indeed, after localizing at nilpotent γ-sheaves and considering γ-
crystals, Gen induces an equivalence of categories.
Proposition 2.27 ([BB11, Proposition 5.12]). For a smooth, F -finite k-scheme X, the
functor
GenX : Cohγ(X) −→ µlfgu(X)
factors through Crysγ(X), inducing an equivalence of categories:
Cohγ(X)
Gen
&&▼
▼▼
▼▼
▼▼
▼▼
▼

Crysγ(X)
∼ // µlfgu(X).
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Theorem 2.28. Let X be an F -finite, smooth k-scheme. Let G denote the composition
of the exact functors ⊗ ω−1X and Gen. It induces an equivalence of derived categories
G: Dbcrys(QCrysκ(X)) −→ D
b
lfgu(OF,X).
Proof. Combining Corollary 2.11 and Lemma 2.26, we see that G induces an equivalence
of abelian categories QCrysκ(X) −→ µu(X) and therefore an equivalence of derived
categories Db(QCrys(X)) −→ Db(µu(X)). SinceG is exact and restricts to an equivalence
Crysκ(X) −→ µlfgu(X), we obtain an equivalence D
b
crys(QCrysκ(X)) −→ Dlfgu(µu(X)).
It remains to show that Dblfgu(µu(X)) is naturally equivalent to D
b
lfgu(OF,X). The
inclusion µlfgu(X) −→ µ(X) induces an equivalence D
b(µlfgu) −→ D
b
lfgu(OF,X) ([EK04,
11.6]). As the inclusion µlfgu(X) −→ µ(X) factors through µu(X), this implies an equiv-
alence Dblfgu(µu(X)) −→ D
b
lfgu(OF,X).
Finally, we prove that the equivalence G of derived functors is compatible with pull-
backs. Note that for a morphism f : X −→ Y of smooth schemes, the functor
f ! : Dblfgu(OF,Y ) −→ D
b
lfgu(OF,X)
is obtained from a right-exact functor of abelian categories.
Definition 2.29. Let f : X −→ Y be a morphism of smooth k-schemes. The (underived)
pull-back f∗M of an OF,Y -module M is given by
f∗M = OF,X→Y ⊗f−1OF,Y f
−1M
= OF,X ⊗f−1OF,Y f
−1M,
cf. Proposition 1.13. The pull-back f ! for complexes M• of OF,Y -modules from Defini-
tion 2.3.1 of [EK04] is the left derived functor of f∗, shifted by dX/Y :
f !M• = OF,X→Y
L
⊗f−1OF,Y f
−1M•[dX/Y ].
Corollary 2.30. Let f : X −→ Y be a closed immersion of smooth, F -finite k-schemes
of relative dimension dX/Y = n. There is a natural equivalence of functors Crysκ(Y ) −→
µlfgu(X):
f∗ ◦GY ∼= GX ◦R
nf ♭.
Proof. Consider the following diagram of functors:
Crysκ(Y )
⊗ω−1
Y //
Rnf♭

Crysγ(Y )
GenY //
f∗

µlfgu(Y )
f∗

Crysκ(X)
⊗ω−1
X // Crysγ(X)
GenX // µlfgu(X).
The left square commutes by Theorem 2.14. The right square also commutes because
there is a natural isomorphism GenX ◦f
∗ ∼= f∗ ◦ GenY . For a γ-sheaf N on Y , let N
35
denote GenY (N), which is the direct limit lim−→F
i∗
Y N . As direct limits commute with
pull-back of quasi-coherent sheaves, we have a natural isomorphism
GenX f
∗(N) = lim
−→
(OX ⊗f−1OY f
−1F i∗Y N)
∼
−→ OX ⊗f−1OY f
−1(lim−→F
i∗
Y N)
= OX ⊗f−1OY f
−1(N ).
One checks that for a leftOF,Y -moduleM, the underived pullback f
∗M = OF,X⊗f−1OF,Y
f−1M is the quasi-coherent sheaf f∗M = OX ⊗f−1OY f
−1M with the natural mor-
phism F ∗Xf
∗M −→ f∗M induced by the structural morphism F ∗YM −→ M. Hence
OX ⊗f−1OY f
−1(N ) is isomorphic to f∗GenY (N).
Lemma 2.31. Let i : X −→ Y be a closed immersion of smooth, F -finite schemes over
k. Let P be a locally free left OF,Y -module. Then
Rn(( ⊗ ω−1X ) ◦ i
! ◦ ( ⊗ ωY ))P = 0 for all n 6= −dX/Y ,
where ( ⊗ ω−1X ) ◦ i
! ◦ ( ⊗ ωY ) is understood as the composition of functors
Dblfgu(OF,Y )
⊗ωY
−−−−→ Dbcrys(QCrysκ(Y ))
i!
−→ Dbcrys(QCrysκ(X))
⊗ω−1
X−−−−−→ Dblfgu(OF,X).
Proof. Locally free left OF,Y -modules are in particular locally free as quasi-coherent
OY -modules. Thus we have
Rn(( ⊗ ω−1X ) ◦ i
! ◦ ( ⊗ ωY ))P ∼= (( ⊗ ω
−1
X ) ◦R
ni! ◦ ( ⊗ ωY ))⊕j∈J OY
∼= ( ⊗ ω−1X ) ◦R
ni! ⊕j∈J ωY
∼= 0
locally for all n 6= −dX/Y on the underlying quasi-coherent sheaves.
Theorem 2.32. For closed immersions i : X −→ Y of smooth, F -finite k-schemes, the
equivalences Dbcrys(QCrysκ(X)) −→ D
b
lfgu(OF,X) and D
b
crys(QCrysκ(Y )) −→ D
b
lfgu(OF,Y )
of derived categories induced by GX and GY are compatible with the pull-backs i!, i.e.
we have a canonical isomorphism
GX ◦i
! ∼= i! ◦GY
of functors from Dbcrys(QCrysκ(Y )) to D
b
lfgu(OF,X).
Proof. This is an application of the following general result concerning derived functors:
Proposition 2.33 ([Har66, Proposition I.7.4]). Lat A and B be abelian categories, where
A has enough injectives, and let F1 : A −→ B be an additive functor which has cohomo-
logical dimension ≤ n on A. Let P be the set of objects X of A such that RiF1(X) = 0
for all i 6= n, and assume that every object of A is a quotient of an element of P . Let
F2 = R
nF1. Then RF1 and LF2 exist, and there is a functorial isomorphism
RF1
∼
−→ LF2[−n].
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First we have to check the requirements. Let F denote the functor ( ⊗ ω−1X ) ◦
R0i♭ ◦ ( ⊗ ωY ). As done in the proof of Lemma 2.15, the derived functors of R
0i♭ =
i
∗
HomOY (i∗OX , ) may be computed locally by resolving i∗OX by the Koszul complex.
Since this complex has length −dX/Y , the cohomological dimension of F is smaller or
equal −dX/Y . As Y is smooth, every left OF,Y -module is the quotient of a locally free
left OF,Y -module ([EK04, Lemma 1.6.2]). Finally, for every locally free left OF,Y -module
P , Lemma 2.31 states that RnF (P ) = 0 for all n 6= −dX/Y .
It follows from [Har66, Proposition I.7.4] that RF ∼= Li∗[dX/Y ] = i
! because i∗ ∼=
R−dX/Y F (Theorem 2.14). Thus
( ⊗ ω−1X ) ◦ i
! ◦ ( ⊗ ωY ) ∼= i
!,
i.e. the diagram
Dbcrys(QCrysκ(Y ))
i!

⊗ω−1
Y //
Dblfgu(OF,Y )
⊗ωY
oo
i!

Dbcrys(QCrysκ(X))
⊗ω−1
X //
Dblfgu(OF,X)
⊗ωX
oo
is commutative.
Corollary 2.34. For every closed immersion of smooth, F -finite k-schemes i : X −→ Y ,
there is a canonical isomorphism
GY ◦i∗ ∼= i∗ ◦GX .
Proof. This follows formally as GX and GY are equivalences of categories and since i∗
is uniquely determined as a left adjoint functor of i!.
Proposition 2.35. Let j : X −→ Y be an open immersion of smooth, F -finite schemes.
Then there are natural isomorphisms
GX ◦j
∗ ∼= j! ◦GY and GY ◦Rj∗ ∼= j+ ◦GX .
Proof. We already have seen that ⊗ ωX−1 ◦ j∗ ∼= j∗ ◦ ⊗ ω−1Y (Proposition 2.19)
and that GenX ◦j
∗ ∼= j! ◦ GenY (see the proof of Corollary 2.30, this part holds for an
arbitrary flat morphism of smooth k-schemes). Therefore GX ◦j
∗ ∼= j! ◦ GY . The rest
follows from the adjunction of Rj∗ or j+ and j
∗ or j!.
Up to now, we have seen that the equivalence G between Cartier crystals and lfgu
modules is compatible with the (derived) push-forward for open and closed immersions
by showing the compatibility for the adjoint pull-back functors. In fact, G is compatible
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with push-forward for arbitrary morphisms of smooth schemes, but we can give a proof
only up to the following theorem2, which is a result of Lurie, see [Lur16, Theorem 1.3.3.2].
Theorem 2.36. Let F : D(A) −→ D(B) be a functor between derived categories of
abelian categories A and B, which is a morphism of triangulated categories. If F lifts to
an exact functor of the stable ∞-categories whose homotopy categories are the cohomo-
logically bounded below derived categories D+(A) and D+(B), if F is t-left exact for the
canonical t-structure, i.e. F maps D≥0(A) to D≥0(B), and if the cohomology of F (I)
is concentrated in degree 0 for every injective object I of A, then F arises as a right
derived functor between the abelian categories A and B.
Proposition 2.37. Let f : X −→ Y be a morphism of smooth, F -finite k-schemes. There
is a natural isomorphism
GY ◦Rf∗ −→ f+ ◦GX
from Dbcrys(QCrysκ(X)) to D
b
lfgu(OF,Y ).
Proof. As ⊗ω−1Y ◦Rf∗
∼= Rf+ ◦ ⊗ω
−1
X by construction, it suffices to show that there
is a natural isomorphism of functors GenRf+ −→ f+Gen from D
b
crys(QCrysγ(X)) to
Dblfgu(OF,Y ). For every complex N
• of γ-sheaves, the complex GenN• of quasi-coherent
unit OF,X-modules has a two-term resolution by induced modules, namely the short
exact sequence
0 −→ OF,X ⊗OX N
• 1−β
′
−−−→ OF,X ⊗OX N
• −→ GenN• −→ 0
of [EK04, Proposition 5.3.3]. Here β′ : OF,X ⊗OX N
• −→ OF,X ⊗OX N
• denotes the
morphism corresponding to β via the identification
HomOF,X (OF,X ⊗OX A,OF,X ⊗OX B)
∼
−→ HomOX (A,⊕
∞
n=0(F
r
X)
∗B)
for OX -modules A and B described in 1.7.3 of ibid.
First we verify that the requirements of Theorem 2.36 are satisfied. Let I• be a
bounded below complex of injective γ-sheaves with H i(I•) = 0 for i < 0. Let β : I• −→
F ∗XI
• be the morphism of complexes induced by the structural morphisms of the Ii.
The complex f+I
• represents Rf+I
• and, as explained above, we have a short exact
sequence
0 −→ OF,X ⊗OX f+I
• 1−f+β
′
−−−−−→ OF,X ⊗OX f+I
• −→ Gen f+I
• −→ 0.
Applying f+ to the two-term resolution of Gen I
• yields a distinguished triangle
f+(OF,X ⊗OX I
•)
f+(1−β′)
−−−−−−→ f+(OF,X ⊗OX I
•) −→ f+(Gen I
•) −→ f+(OF,X ⊗OX I
•)[1].
2We will not discuss this theorem here as its theoretical background, for example ∞-categories, goes
beyond the scope of this work. We just note that the requirement that f+ Gen lifts to a functor of the
corresponding stable ∞-categories is satisfied, because f+ is a composition of left and right derived
functors, which have this property ([Lur16, Example 1.3.3.4]).
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The sheafOF,Y←X is locally free as anOX-module. It follows that locally OF,Y←X⊗OX I
•
is a direct sum of flasque sheaves and hence flasque. We have
f+(OF,X ⊗OX I
•) = Rf∗(OF,Y←X
L
⊗OF,X (OF,X ⊗OX I
•))
∼
−→ Rf∗(OF,Y←X ⊗OX I
•)
∼
−→ f∗(OF,Y←X ⊗OX I
•),
see also [EK04, Lemma 3.5.1] and its proof. In particular, the complex f+(OF,X⊗OX I
•)
is represented by the complex whose i-th degree equals the sheaf f+(OF,X ⊗OX I
i).
The canonical isomorphism OF,X ⊗OX f+I
• ∼−→ f+(OF,X ⊗OX I
•) of the proof of
[EK04, Theorem 3.5.3] makes the left hand square of the diagram
OF,X ⊗OX f+I
• 1−f+β
′
//
∼

OF,X ⊗OX f+I
• //
∼

Gen f+I
•
∼

f+(OF,X ⊗OX I
•)
f+(1−β′)
// f+(OF,X ⊗OX I
•) // f+(Gen I
•)
(5)
commutative ([EK04, Proposition 3.6.1]). This shows that the cohomology sheaves of
f+(Gen I
•) vanish in negative degrees, i.e. f+Gen is left t-exact for the canonical t-
structure of the bounded derived category of γ-sheaves on X. Furthermore, for a single
injective γ-sheaf I on X, the upper row of the commutative diagram
OF,X ⊗OX f+I
1−f+β′
//
∼

OF,X ⊗OX f+I
//
∼

Gen f+I
∼

f+(OF,X ⊗OX I)
f+(1−β′)
// f+(OF,X ⊗OX I)
// f+(Gen I)
is a short exact sequence when adding 0 at the ends. Consequently, the cohomology of
f+Gen I is concentrated in degree 0.
To see that there is an isomorphism of functors Gen f+ ∼= H
0(f+)Gen, let M be
a γ-sheaf on X. Choose a resolution I• of M by injective γ-sheaves. The long ex-
act cohomology sequences for the triangles of the diagram Equation 5 yield a unique
isomorphism
Gen f+M ∼= H
0(GenRf+M) = H
0(Gen f+I
•)
∼
−→ H0(f+Gen I
•) ∼= H0(f+GenM).
By Theorem 2.36, the functor f+Gen is the right derived functor of H
0(f+)Gen. Fur-
thermore, as Gen is exact, GenRf+ is the right derived functor of Gen f+. Thus, there
is a natural equivalence GenRf+ ∼= f+Gen of functors from the bounded derived cat-
egory of γ-sheaves on X to the bounded derived category of quasi-coherent unit left
OF,Y -modules. It induces an isomorphism of functors between D
b
crys(QCrysγ(X)) and
Dblfgu(OF,Y ) because D
b(µu(Y ))
∼
−→ Dblfgu(OF,Y ) ([EK04, Corollary 17.2.5]).
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3 Locally finitely generated unit modules on singular schemes
For a proper map f : X −→ Y of smooth k-schemes, Emerton and Kisin proved that
there is a natural isomorphism
RHom•OF,Y (f+M
•,N •)
∼
−→ Rf∗RHom
•
OF,X (M
•, f !N •)
for M• ∈ Dbqc(OF,X) and N
• ∈ Dbqc(OF,Y ) ([EK04, Theorem 4.4.1]) by constructing
a trace map acting as the counit of adjunction. We generalize this trace map to sep-
arated and finite type morphisms f : X −→ Y between smooth k-schemes sitting in a
commutative diagram
Z ′
i′ //
f ′

X
f

Z
i // Y,
where i and i′ are closed immersions and f ′ is proper. This generalized trace map
induces an adjunction between f+ and RΓZ′f
! considered as functors between the derived
categories Dblfgu(OF,X)Z′ and D
b
lfgu(OF,Y )Z of complexes whose cohomology sheaves are
supported in Z ′ or Z.
The base for this more general trace for lfgu modules is a corresponding general-
ized trace map trZ,f = trf : Rf∗RΓZ′f
! −→ id for quasi-coherent sheaves established
in [Sch18] in the situation of the diagram above. First, let us fix some notation: Let
D−qc(OX)Z denote the subcategory of the derived category Dqc(OX) of quasi-coherent
sheaves on X whose objects have bounded above cohomology supported on Z and sim-
ilar for D+qc(OY )Z . The generalized trace has many compatibilities of the classical one,
for example it behaves well with residually stable base change3. But most important, it
gives rise to the following adjunction:
Theorem 3.1 ([Sch18, Theorem 3.2]). Let f : X −→ Y be a separated and finite type
morphism of Noetherian schemes and let i : Z −→ Y and i′ : Z ′ −→ X be closed immer-
sions with a proper morphism f ′ : Z ′ −→ Z such that the diagram
Z ′
i′ //
f ′

X
f

Z
i // Y
commutes. Then there is a natural transformation trf : Rf∗RΓZ′f ! −→ id such that, for
all F• ∈ D−qc(OX )Z and G
• ∈ D+qc(OY )Z , the composition
Rf∗RHom
•
OX (F
•, RΓZ′f
!G•) // RHom•OY (Rf∗F
•, Rf∗RΓZ′f
!G•)
trf

RHom•OY (Rf∗F
•,G•)
3Here a morphism f is called residually stable if it is flat, integral and the fibers of f are Gorenstein.
40
is an isomorphism. In particular, taking global sections, the functor Rf∗ is left adjoint
to the functor RΓZ′f !.
3.1 Generalization of Emerton-Kisin’s adjunction
Proposition 3.2. Let f : X −→ Y be a separated and finite type morphism of smooth
k-schemes and let i : Z −→ Y and i′ : Z ′ −→ X be closed immersions with a proper
morphism f ′ : Z ′ −→ Z such that f ◦ i′ = i ◦ f ′.
(a) There is a natural morphism
trF,f : f+RΓZ′OF,X [dX/Y ] −→ OF,Y
of (OF,Y ,OF,Y )-bimodules which, as a morphism of left OF,Y -modules, is the trace
OF,Y ⊗OY Rf∗RΓZ′ωX/Y [dX/Y ] −→ OF,Y
of Theorem 3.1.
(b) For every M• ∈ Dbqc(OF,Y ), the trace map trF,f induces a morphism
trF,f(M
•) : f+RΓZ′f
!M• −→M•
in Dbqc(OF,Y ).
Proof. (a) This is an analogue of [EK04, Proposition 4.4.9 (i)]. A careful reading of the
proof shows that we can adopt it. Consider the relative Frobenius diagram (diagram 1
on page 13):
X
FX/Y
//
f
  
❇❇
❇❇
❇❇
❇❇
X ′
F ′Y //
f ′

X
f

Y
FY // Y.
Since X and Y are assumed to be smooth k-schemes, we still have flatness of the Frobe-
nius FY and therefore of F
′
Y because flatness is stable under base change. Note that
FX/Y is finite ([EK04, A.2]). First Emerton and Kisin explain how the relative Cartier
operator
CX/Y : FX/Y ∗ωX/Y −→ F
′∗
Y ωX/Y
is realized for the residual complex f∆E•. Here E• denotes the Cousin complex E•(OX).
For our result we replace f∆E• by the subcomplex ΓZ′f
∆E• of flasque sheaves which
computes RΓZ′ωX/Y . We obtain the relative Cartier operator with support on Z ′:
CZX/Y : FX/Y ∗ΓZ′f
∆E• −→ F ′∗Y ΓZ′f
∆E•.
By Proposition-Definition 1.10.1 of [EK04], f−1OF,Y ⊗f−1OY ΓZ′f
∆E• is equipped with
a (f−1OF,Y ,OF,X)-bimodule structure or, after restricting scalars via the natural map
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f−1OY [F ] −→ OX [F ], with a (f
−1OF,Y , f
−1OF,Y )-bimodule structure. Finally this en-
dows f∗(f
−1OF,Y ⊗f−1OY ΓZ′f
∆E•) with the structure of a (OF,Y ,OF,Y )-bimodule, the
one from the definition of f+RΓZ′OF,X .
But there is another way to look at this bimodule: The map CZX/Y gives rise to a
morphism
σ : f∗ΓZ′f
∆E• −→ F ∗Y f∗ΓZ′f
∆E•
by the composition
f∗ΓZ′f
∆E•
∼
−→ f ′∗FX/Y ∗ΓZ′f
∆E•
CZ
X/Y
−−−→ f ′∗F
′∗
Y ΓZ′f
∆E•
bc−1
−→ F ∗Y f∗ΓZ′f
∆E•,
where the first isomorphism is deduced from f = f ′ ◦ FX/Y and the last isomorphism
is flat base change. Now Proposition-Definition 1.10.1 of ibid. in the special case of the
morphism idY yields a (OF,Y ,OF,Y )-bimodule structure on OF,Y ⊗OY f∗ΓZ′f
∆E•. The
isomorphism
f∗(f
−1OF,Y ⊗f−1OY ΓZ′f
∆E•) ∼= OF,Y ⊗OY f∗ΓZ′f
∆E•
stemming from the projection formula is compatible with the constructed bimodule
structure for both complexes by Lemma 1.10.6 of ibid. Hence it suffices to show that trF,f
induces a morphism between the (OF,Y ,OF,Y )-bimodule OF,Y ⊗OY f∗ΓZ′f
∆E• and E•
equipped with the structure of a (OF,Y ,OF,Y )-bimodule via the canonical isomorphism
E•
∼
−→ F ∗YE
• induced from the Frobenius OY −→ F
∗
YOY . Lemma 1.10.2 of ibid. applied
to the identity morphism on Y reduces to the commutativity of the diagram
f∗ΓZ′f
∆E•
trF,f
//
σ

E•
∼

F ∗Y f∗ΓZ′f
∆E•
F ∗Y trF,f // F ∗YE
•
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of complexes. For this we have to see that the following bigger diagram commutes:
f∗ΓZ′f
∆E•
trf
//
∼

E•
f ′∗FX/Y ∗ΓZ′F
∆
X/Y f
′∆E•
trFX/Y
//
∼

f ′∗ΓZ′f
′∆E•
trf ′
//
∼

E•
∼

f ′∗FX/Y ∗ΓZ′F
∆
X/Y f
′∆F ∗YE
•
trFX/Y
//
β ∼

f ′∗ΓZ′f
′∆F ∗YE
•
trf ′
//
β ∼

F ∗YE
•
f ′∗FX/Y ∗ΓZ′F
∆
X/Y F
′∗
Y f
∆E•
trFX/Y
// f ′∗ΓZ′F
′∗
Y f
∆E•
∼

f ′∗F
′∗
Y ΓZ′f
∆E•
bc−1 ∼

F ∗Y f∗ΓZ′f
∆E•
trf
// F ∗YE
•.
The two squares in the middle and the lower left square commute by functoriality of the
trace maps trFX/Y and trf ′ . The other squares are commutative because the general-
ized trace is compatible with compositions of morphisms and with base change by the
residully stable map FY ([Sch18, Propositions 2.10 and 2.11]).
(b) Once we know that trf is a morphism in D
b
qc(OF,Y ), we can define trf (M
•) as the
following composition:
f+RΓZ′f
!M•
∼
−→ f+(OF,X ⊗OF,X RΓZ′f
!M•)
−→ f+(RΓZ′OF,X
L
⊗OF,X f
!M•)
−→ f+RΓZ′OF,X [dX/Y ]
L
⊗OF,Y M
•
trf ⊗ id
−−−−→ OF,Y ⊗OF,Y M
•
∼
−→M•.
Here the second morphism is the one of [Sch18, Lemma 1.11] and the third morphism is
the one of [EK04, Lemma 4.4.7].
Lemma 3.3. We keep the notation of the preceding proposition. For an open immersion
j : U −→ Y , let f ′ and j′ denote the projections of U ′ = U ×Y X. Assume that Z and Z ′
are the closures of the locally closed subsets ZU = Z ∩U and Z ′U ′ = Z
′ ∩U ′ in Y and in
X.
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(a) There is a functorial isomorphism ej,f : f+RΓZf !j+
∼
−→ j+f
′
+RΓZ′f
′! such that the
diagram
f+RΓZf
!j+
ej,f
//
trf j+
''P
PP
PP
PP
PP
PP
PP
P
j+f
′
+RΓZ′f
′!
j+ trf ′

j+
commutes.
(b) Let ctrf denote the unit id −→ RΓZf !f+ of the adjunction. Then there is a func-
torial isomorphism e′j,f : RΓZf
!f+j
′
+
∼
−→ j′+RΓZ′f
′!f ′+ such that the diagram
RΓZf
!f+j
′
+
ej,f
// j′+RΓZ′f
′!f ′+
j′+
ctrf j
′
+
ggPPPPPPPPPPPPPP
j′+ ctrf ′
OO
commutes.
Proof. Let ZU and Z ′U ′ denote the closed subsets U ∩Z and U
′ ∩Z ′ of U and U ′. From
[Sch18, Proposition 1.13] we know that the functors j+ and j
′
+ are equivalences
Dblfgu(OF,U )ZU
∼
−→ Dblfgu(OF,Y )
Z\U
Z and D
b
lfgu(OF,U ′)Z′
U′
∼
−→ Dblfgu(OF,X)
Z′\U ′
Z′ .
Furthermore, there are natural isomorphisms
f+j
′
+
∼
−→ j+f
′
+ and RΓZ′f
!j+
∼
−→ j′+RΓZ′
U′
f ′!,
where the second one is obtained from the composition
j′!RΓZ′f
! ∼−→ RΓZ′
U′
j′!f !
∼
−→ RΓZ′
U′
f ′!j!
of natural isomorphisms. Moreover, together with the canonical isomorphism f ′+j
′! ∼=
j!f+ of [EK04, Proposition 3.8], this composition yields a canonical isomorphism
e˜j,f : f
′
+RΓZ′f
′!j! −→ j!f+RΓZf
!.
For M• ∈ Dbqc(OF,Y ), the diagram
f ′+RΓZ′f
′!j!M•
e˜j,f
//
∼

j!f+RΓZf
!M•
∼

f ′+(OF,U ′ ⊗OF,U′ RΓZ′f
′!j!M•)
∼ //
∼

j!f+(OF,X ⊗OF,X RΓZf
!M•)
∼

f ′+RΓZ′f
′!OF,U ′
L
⊗OF,U j
!M•
e˜j,f
//
trf ′

j!f+RΓZf
!OF,X
L
⊗OF,U j
!M•
trf
ss❣❣❣
❣❣❣
❣❣❣
❣❣❣
❣❣❣
❣❣❣
❣❣❣
❣❣❣
❣
j!M•
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of natural isomorphisms and the trace commutes: While the first square commutes
simply by functoriality, the commutativity of the second square follows from [EK04,
Lemma 4.4.7 (ii)]. The commutativity of the lower triangle follows from the compatibility
of the trace with residually stable base change ([Sch18, Proposition 2.10]). In summary
the diagram
f ′+RΓZ′f
′!j!
e˜j,f
//
trf ′ j
!

j!f+RΓZf
!
j! trf
ww♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
♦♦
j!
is commutative. Since j! and j′! are quasi-inverses of j+ and j
′
+ and f+ and RΓZ′f
!
restrict to the functors f ′+ and RΓZ′
U′
f ′! betweenDblfgu(OF,U )ZU andD
b
lfgu(OF,U ′)Z′
U′
with
respect to the equivalences j! and j′!, the claims of the lemma are formal consequences.
Theorem 3.4. Let f : X −→ Y be a separated and finite type morphism of smooth
schemes and let i : Z −→ Y and i′ : Z ′ −→ X be closed immersions with a morphism
f ′ : Z ′ −→ Z such that the diagram
Z ′
i′ //
f ′

X
f

Z
i // Y
commutes. Then, for any M• ∈ Dbqc(OF,X)Z′ and any N
• ∈ Dbqc(OF,Y )Z , there is a
natural isomorphism
RHom•OF,Y (f+M
•,N •)
∼
−→ Rf∗RHom
•
OF,X (M
•, RΓZ′f
!N •).
In particular, f+ : Dbqc(OF,X)Z′ −→ D
b
qc(OF,Y )Z is left adjoint to RΓZ′f
!.
Proof. The morphism f factors through the graph morphism X ×k Y , which is a closed
immersion, followed by the projection X ×k Y −→ Y , which is smooth. Therefore,
we may assume that f is an essentially perfect morphism. We show that the natural
transformation τ given by the composition
Rf∗RHom
•
OF,X (M
•, RΓZ′f
!N •) // RHom•OF,Y (f+M
•, f+RΓZ′f
!N •)
trF,f

RHom•OF,Y (f+M
•,N •)
is an isomorphism in D+(X,Z/pZ). Here the horizontal arrow is the natural morphism
of [EK04, Proposition 4.4.2]. Let OF,f denote the (f
−1OF,Y ,OF,X)-bimodule OF,Y←X
and let ωf denote the OX -module ωX/Y . We set d = dX/Y . First we replace M
• by
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a bounded above complex of quasi-coherent induced left OF,X-modules, i.e. left OF,X-
modules of the form OF,X ⊗OX M with quasi-coherent OX -modules M , see Definition
1.7 and Lemma 1.7.1 of [EK04]. Now by the Lemma on Way-out Functors ([Har66,
Proposition I.7.1]), we reduce to the case of a single sheafM• = OF,X ⊗OX M . For such
an induced module we have an isomorphism
f+M
∼
−→ OF,Y ⊗OY Rf∗(ωX/Y ⊗OX M), (6)
which is based on the projection formula, see the proof of [EK04, Theorem 3.5.3]. Note
that in this proof f ! always denotes Emerton-Kisin’s pull-back of left OF,Y -modules,
sometimes considered as an OY -module. It is connected to the functor f
! for quasi-
coherent sheaves by the canonical isomorphisms
f !N •
∼
−→ Lf∗N •[d]
∼
−→ ω−1X/Y ⊗OX ‘f
!’N •
in Dqc(X), where ‘f
!’ denotes the classical f !. One can show that there is a commutative
diagram
Rf∗RHom
•
OX (M,RΓZ′f
!N •)
t

∼ // Rf∗RHom
•
OF,X (M, RΓZ′f
!N •)
τ

RHom•OY (Rf∗(ωX/Y ⊗OX M),N
•)
∼ // RHom•OF,Y (f+M,N
•)
with an isomorphism t and where the horizontal arrows are the natural isomorphisms
induced by the isomorphism
HomOX (M, )
∼
−→ HomOF,X (OF,X ⊗OX M, )
of [EK04, 1.7.2] and (6). For this we consider the bigger diagram of natural maps on
page 49. Let t be the composition of the left vertical arrows. It is an isomorphism
by [Sch18, Proposition 3.4] and Theorem 3.1. Recall that OF,Y←X is locally free as a
right OX -module and that OF,Y←X
L
⊗OF,X M
∼= OF,Y←X ⊗OX M , which is computed
in the proof of Lemma 3.5.1 of [EK04]. In particular, induced modules are acyclic for
the functor OF,Y←X ⊗OF,X . For the first square, we consider the diagram without the
outer Rf∗, resolve M by a complex P
• of locally free OX-modules and RΓZ′f
!N • by a
complex J • of left OX,F -modules which are acyclic for the functor OF,Y←X
L
⊗OF,X , as
in the proof of Proposition 4.4.2 of ibid. Now P• = OF,X ⊗OX P
• is a complex of locally
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free OF,X-modules. We obtain a commutative diagram
RHom•OX (P
•,J •)
∼ //
∼

RHom•OF,X (P
•,J •)
∼

Hom•OX (P
•,J •)
∼ //
∼

Hom•OF,X (P
•,J •)

Hom•OX (ωf ⊗OX P
•, ωf ⊗OX J
•)
∼

// Hom•f−1OF,Y (OF,f ⊗OF,X P
•,OF,f
L
⊗OF,X J
•)

RHom•OX (ωf ⊗OX P
•, ωf ⊗OX J
•) // RHom•f−1OF,Y (OF,f ⊗OF,X P
•,OF,f
L
⊗OF,X J
•)
of canonical maps. The last two vertical arrows are the canonical morphisms from
a functor to its right derived functor. Here the left one is an isomorphism because
ωX/Y ⊗ P
• is a locally free OX -module.
For the second square, we check that the natural map
RHom•OX (ωf ⊗OX M,ωf ⊗OX RΓZ′N
•)

RHom•f−1OF,Y (OF,f ⊗OX M,OF,f
L
⊗OF,X RΓZ′N
•)
factors through RHom•f−1OY (ωf ⊗OX M,ωf ⊗OX RΓZ′N
•). For this we replace ωf ⊗OX
RΓZ′f
!N • by a complex I• of injective f−1OY -modules and OF,f
L
⊗OF,X RΓZ′f
!N • by
a complex I˜• of injective f−1OF,Y -modules. The functor f
−1OF,Y ⊗f−1OY is exact
because the right OY -module OF,Y is free ([EK04, Lemma 1.3.1]). Furthermore, it is left
adjoint to the forgetful functor from f−1OF,Y -modules to f
−1OY -modules. Hence the
latter functor preserves injectives. This implies that I˜• is a complex of injective f−1OY -
modules and the canonical morphism ωf⊗OXRΓZ′f
!N • −→ OF,f
L
⊗OF,XRΓZ′f
!N • yields
a map I• −→ I˜•. After replacing M by a complex P • of locally free OX -modules as
above we have reduced the three RHom to Hom and the claimed factorization is trivial.
We return to the second square of the diagram on page 49, where we replace M by
a complex F • of flasque OX -sheaves. The complexes ωf ⊗OX F
• and OF,f ⊗OX F
• are
also flasque because locally they are direct sums of flasque sheaves. Hence f∗(ωf ⊗ F
•)
and f∗(OF,f ⊗ F
•) represent Rf∗(ωf ⊗ F
•) and Rf∗(OF,f ⊗ F
•). As above, we resolve
ωf ⊗OX RΓZ′f
!N • by I• and OF,f
L
⊗OF,X RΓZ′f
!N • by I˜•. The injectivity of I• and I˜•
implies that Hom•f−1OY (ωf ⊗OX F
•,I•) and Hom•f−1OF,Y (OF,f ⊗OX F
•, I˜•) are flasque
([God58, Lemme II.7.3.2]) and hence may be used to compute Rf∗. As f∗ is right adjoint
to the exact functor f−1, the complex f∗I
• is a complex of injective OY -modules and
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f∗I˜
• is a complex of injective OF,Y -modules. Therefore
RHom•OX ( , f∗I
•) ∼= Hom•OX ( , f∗I
•)
and
RHom•OF,X ( , f∗I˜
•) ∼= Hom•OF,X ( , f∗I˜
•).
This finishes the proof of the commutativity of the second square because the diagram
f∗Hom
•
f−1OY
(ωf ⊗OX F
•,I•)

// f∗Hom
•
f−1OF,Y
(OF,f ⊗OX F
•, I˜•)

Hom•OF,Y (f∗(OF,f ⊗OX F
•), f∗I˜
•)

Hom•OY (f∗(ωf ⊗OX F
•), f∗I
•) // Hom•OF,Y (OF,Y ⊗OY f∗(ωf ⊗OX F
•), f∗I˜
•)
of natural morphisms commutes.
The commutativity of the third and the fifth square can be shown similarly. The fourth
square commutes by the functoriality of the corresponding horizontal isomorphisms.
For the adjunction of f+ and RΓZ′f
! we proceed as in the proof of [Sch18, Theorem
3.2].
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Rf∗RHom
•
OX
(M,RΓZ′f
!N •) //
∼

Rf∗RHom
•
OF,X
(M, RΓZ′f
!N •)

Rf∗RHom
•
OX
(ωX/Y ⊗OX M,ωX/Y ⊗OX RΓZ′f
!N •) //

Rf∗RHom
•
f−1OF,Y (OF,Y←X
L
⊗OF,X M,OF,Y←X
L
⊗OF,X RΓZ′f
!N •)

RHom•OF,Y (Rf∗(OF,Y←X
L
⊗M), Rf∗(OF,Y←X
L
⊗RΓZ′f !N •))

RHom•OY (Rf∗(ωX/Y ⊗M), Rf∗(ωX/Y ⊗RΓZ′f
!N •)) //

RHom•OF,Y (OF,Y ⊗OY Rf∗(ωX/Y ⊗OX M), Rf∗(OF,Y←X
L
⊗RΓZ′f !N •))

RHom•OY (Rf∗(ωX/Y ⊗OX M), Rf∗RΓZ′ωX/Y [d]
L
⊗OY N
•) //
tr

RHom•OF,Y (OF,Y ⊗OY Rf∗(ωX/Y ⊗OX M), f+RΓZ′OF,X [d]
L
⊗OF,Y N
•)
tr

RHom•OY (Rf∗(ωX/Y ⊗OX M),OY ⊗OY N
•) //
∼

RHom•OF,Y (OF,Y ⊗OY Rf∗(ωX/Y ⊗OX M),OF,Y ⊗OF,Y N
•)
∼

RHom•OY (Rf∗(ωX/Y ⊗OX M),N
•) // RHom•OF,Y (f+M,N
•)
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3.2 Definition of lfgu modules on singular schemes
As mentioned earlier, for a regular scheme X, the Frobenius FX : X −→ X is a flat
morphism and hence F ∗X is exact ([Kun69, Theorem 2.1]). For varieties, the exactness
of F ∗X plays an important role in the definition of (locally finitely generated) unit OF,X-
modules. For example, it implies that the category of unit OF,X-modules is abelian.
In this section we define the abelian category µlfgu(X) of locally finitely generated unit
OF,X-modules for schemes X which admit a closed immersion i : X −→ Y into a smooth
k-scheme as a certain subcategory of µlfgu(Y ). Note that this definition generally works
for unit OF,X-modules. We restrict to locally finitely generated modules due to our
application to Cartier crystals and perverse constructible étale p-torsion sheaves.
For the motivation of our approach to µlfgu(X) for embeddableX, recall the Kashiwara
equivalence:
Theorem 3.5. Let i : Z −→ X be a closed immersion of smooth k-schemes. If M is
a unit OF,X-module supported on Z, the adjunction i+i!M −→ M is an isomorphism.
Consequently, H0(i!M) ∼−→ i!M and the functors i+ and i! are equivalences between the
categories of unit OF,Z-modules and unit OF,X-modules supported on Z.
Proof. This is Theorem 5.10.1 of [EK04].
Hence, keeping the notation of the preceding theorem, we can canonically interpret
unit OF,Z -modules as a certain subcategory of unit OF,X-modules, namely the subcat-
egory of unit OF,X-modules with support on (the image of) Z. If Z is not smooth this
subcategory still exists because it may be characterized as the subcategory of unit OF,X-
modules M with j!M ∼= 0, where j is the immersion of the open complement of Z in
X. This motivates the definition of unit OF,Z-modules for Z possibly not smooth but
embeddable into a smooth scheme. But first we introduce some notation.
Definition 3.6. We call a k-scheme X embeddable if there is a closed immersion i : X −→
Y of k-schemes where Y is smooth.
Example 3.7. Let X = Spec k[x1, . . . , xn]/I be an affine variety. Then X is embed-
dable into the affine space Ank by the closed immersion corresponding to the canonical
projection
k[x1, . . . , xn] −→ k[x1, . . . , xn]/I.
Example 3.8. Let X be a quasi-projective k-scheme. By definition, there exists an open
immersion j : X −→ Z and a projective morphism p : Z −→ Speck such that f = p◦ j. In
turn, the morphism p factors into a closed immersion i : Z −→ Pnk followed by the natural
morphism Pnk −→ Spec k. Let U be an open subset of P
n
k such that U ∩ i(Z) = i(j(X)).
Then X ∼= U ×Pkn Z and the projection X −→ U is a closed immersion of X into an open
subset of the projective space. Thus X is embeddable.
Definition 3.9. Assume that k is perfect. Let X be an embeddable k-scheme. Let
i : X −→ Y be a closed immersion into a smooth k-scheme Y . The category of lfgu
OF,X-modules is defined as the full subcategory of lfgu OF,Y -modules M supported
50
on the image of X, i.e. j!M ∼= 0, where j : Y \X −→ X is the open immersion of the
complement of X.
The category Dblfgu(OF,X) is the full subcategory D
b
lfgu(OF,Y )X of those objects in
Dblfgu(OF,Y ) whose cohomology sheaves are supported on X.
Remark 3.10. With the notation of the preceding definition, letM be an lfgu module on
Y . Whether M is supported in X only depends on the closed subset i(X) in Y . For ex-
ample, the preceding definition does not distinguish between the categories Dblfgu(OF,X)
and Dblfgu(OF,Xred), where Xred is the unique closed subscheme of X whose underlying
topological space equals the one of X and which is reduced.
By Theorem 3.5, it is clear that this definition generalizes the already existing notion
of lfgu OF,X-modules for smooth X. Of course the crucial point is to see that the
definition for not-necessarily smooth X is – up to natural equivalence – independent of
a chosen embedding into a smooth scheme.
Theorem 3.11. Assume that k is a perfect field. Let f : X −→ Y be a flat morphism
between smooth k-schemes and let iX : Z −→ X and iY : Z −→ Y be closed immersions
of k-schemes such that the diagram
Z
iX //
iY   ❅
❅❅
❅❅
❅❅
❅ X
f

Y
commutes. Then there are natural isomorphisms of functors
(i) f+ ◦RΓZf ! ∼= idDb
lfgu
(OF,Y )Z
,
(ii) RΓZf ! ◦ f+ ∼= idDblfgu(OF,X)Z .
Proof. The proof proceeds by an excision argument, in a similar way as the proof of
[Ohk16, Theorem 4.5]. In the case of a smooth scheme Z we can use the isomorphism
of functors RΓZ ∼= iX+i
!
X from D
b
lfgu(OF,X) to D
b
lfgu(OF,X)Z and RΓZ
∼= iY+i
!
Y from
Dblfgu(OF,Y ) to D
b
lfgu(OF,Y )Z ([EK04, Proposition 5.11.5]):
f+RΓZf
! ∼= f+iX+i
!
Xf
! ∼= iY+i
!
Y
∼= RΓZ ∼= id .
We may assume that Z is reduced, see Remark 3.10. Since a finite set of closed points
with the reduced scheme structure is always smooth, this verifies the claim if Z is 0-
dimensional. For the general case, i.e. Z is not necessarily smooth, let V be a smooth and
dense4 open subscheme of Z and assume that the claim holds for all closed subschemes
Z ′ with dimZ ′ < dimZ . Let g denote the immersion V −֒→ Y . After choosing an
open subset U ⊆ Y with U ∩ Z = V , we can factor g as g = u ◦ i′ where u is the open
4In order to guarantee the existence of a smooth, dense subset, we assumed that k is perfect.
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immersion of U into Y and i′ is the closed immersion of V into U , i.e. the base change
of iY .
For an object M• of Dblfgu(OF,Y ), there is a natural morphism ϕ : M
• −→ g+g
!M•
whose cone N • is supported on Z\U ([EK04, Proposition 5.12.1]). This means that
there is a distinguished triangle
N • −→M•
ϕ
−→ g+g
!M• −→ N •[1]
in Dblfgu(OF,Y ). Applying f+RΓZf
!, the trace yields a morphism of triangles
f+RΓZf
!N • //
trf (N
•)

f+RΓZf
!M•
ϕ
//
trf (M
•)

f+RΓZf
!g+g
!M•
trf (g+g
!M•)

N • //M•
ϕ
// g+g
!M•.
Since f is the identity on Z, i.e. iY = f ◦ iX , we have Z ∩ f
−1(Z\U) = Z\U . Therefore,
RΓZf
!N • ∼= RΓZ\Uf
!N • and trf (N
•) factors through f+RΓZ\Uf
!N •. This means that
the diagram
f+RΓZf
!N •
trf,Z(N
•)
//
∼
((◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
N •
f+RΓZ\Uf
!N •
∼
trf,Z\U (N
•)
88rrrrrrrrrrr
is commutative. The dimension of the support Z\U of N • is less than that of Z as
V is dense in Z. By induction hypothesis, trf,Z\U(N
•) is an isomorphism and hence
trf,Z(N
•) is an isomorphism.
It remains to show that trf (g+g
!M•) ∼= trf (u+i
′
+i
′!u!M•) is an isomorphism. By the
Kashiwara equivalence, the object M•U := i
′
+i
′!u!M• of Dblfgu(OF,U ) is supported on V .
Let f ′ denote the projection U×Y X −→ U . The map trf (u+M
•
U ) equals the composition
f+RΓZf
!u+M
•
U
∼
−→ u+f
′
+RΓV f
′!M•U
u+ trf ′(M
•
U )
−−−−−−−−→ u+M
•
U
(Lemma 3.3 (a)). Here the second map is an isomorphism because V is smooth. Conse-
quently, the map trf (M
•) is an isomorphism. This proves (i). The isomorphism of (ii)
can be constructed similarly, using the unit of the adjunction between f+ and RΓZf
!
(i.e. the cotrace) instead of the trace map, and applying Lemma 3.3 (b).
The next corollary shows that the definition of Dblfgu(OF,X) for embeddable varieties
X is independent of the chosen embedding.
Corollary 3.12. If i1 : X −→ Y1 and i2 : X −→ Y2 are two embeddings of a k-scheme
X into smooth k-schemes Y1 and Y2, where k is perfect, then there exists a natural
equivalence
Dblfgu(OF,Y1)X
∼
−→ Dblfgu(OF,Y2)X .
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Proof. The universal property of Y1 ×k Y2 yields a morphism (i1, i2) : X −→ Y1×k Y2. It
equals the composition
X
(id,id)
−−−−→ X ×k X
(i1,id)
−−−−→ Y1 ×k X
(id,i2)
−−−−→ Y1 ×k Y2,
where all maps are closed immersions, the first one because X is assumed to be separated
over k. Hence (i1, i2) is a closed immersion. We obtain a commutative diagram
Y1
X
(i1,i2)
//
i1
77♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥
i2
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖ Y1 ×k Y2
p1
OO
p2

Y2,
where p1 and p2 are the projections. By Theorem 3.11, the compositions p2+RΓZp
!
1 and
p1+RΓZp
!
2 are inverse equivalences between D
b
lfgu(OF,Y1)X and D
b
lfgu(OF,Y2)X .
4 The Riemann-Hilbert correspondence for Cartier crystals
As its title suggests, one of the main results of Emerton and Kisins “The Riemann-
Hilbert correspondence for unit F-crystals” ([EK04]) is a characteristic p-analogue of
the Riemann-Hilbert correspondence for D-modules. More precisely, for a smooth k-
scheme X, the authors construct inverse equivalences of categories
Dblfgu(OF,X)
Sol // Dbc(Xét,Z/pZ) .
M
oo
Furthermore, Sol(D≤0lfgu(OF,X)) ⊆
pD≥0 and Sol(D≥0lfgu(OF,X)) ⊆
pD≤0 where pD≥0
and pD≥0 are two subcategories of Dbc(Xét,Z/pZ) defining the perverse t-structure of
[Gab04]. Hence Sol establishes an equivalence between the hearts of the corresponding
t-structures, namely the locally finitely generated unit OF,X-modules and the so-called
perverse constructible p-torsion sheaves.
Using this correspondence of Emerton and Kisin, we will establish a Riemann-Hilbert
correspondence between Cartier crystals and perverse constructible étale Z/pZ-sheaves
on a scheme which admits an embedding into a smooth scheme. For this we ex-
tend the equivalences G: Dbcrys(QCrysκ(X)) −→ D
b
lfgu(OF,X) and Sol : D
b
lfgu(OF,X) −→
Dbc(Xét,Z/pZ) to singular varieties embeddable into a smooth variety.
4.1 Review of Emerton and Kisin’s Riemann-Hilbert correspondence
Let Xét denote the small étale site of a scheme X. A reference for the étale topology is,
for example, [Mil80, Chapter II]. A Z/pZ-sheaf on Xét is an étale sheaf of modules over
the constant sheaf Z/pZ. Let Dbc(Xét,Z/pZ) denote the derived category of complexes
of Z/pZ-sheaves on Xét whose cohomology sheaves are constructible.
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Definition 4.1. A sheaf L of Z/pZ-modules on Xét is called constructible if there is a
stratification X =
∐
i∈I Si such that the restrictions of L to the Si are locally constant
sheaves of Z/pZ-modules for the étale topology with finite stalks.
For x ∈ X, let ix : x −→ X be the inclusion, which is the composition of the inclusion
of the closed point of SpecOXét,x followed by the canonical morphism SpecOXét,x −→ X.
In [Gab04], Gabber showed that the two subcategories
pD≤0 = {L• ∈ Dbc(Xét,Z/pZ) |H
i(i∗xL
•) = 0 for i > − dim {x}},
pD≥0 = {L• ∈ Dbc(Xét,Z/pZ) |H
i(i!xL
•) = 0 for i < − dim {x}}
define a t-structure on Dbc(Xét,Z/pZ).
Remark 4.2. Indeed, Gabber shows that these subcategories define a t-structure on the
ambient category Db(Xét,Z/pZ). For a closed immersion i : Z −→ X and the open
immersion j : U −→ X of the complement U of Z, it is obtained from the perverse
t-structures on Db(Uét,Z/pZ) and D
b(Zét,Z/pZ) by recollement:
pD≤0 = {L• ∈ Db(Xét,Z/pZ) | i
∗L• ∈ pD≤0(Zét,Z/pZ) and j
∗L• ∈ pD≤0(Uét,Z/pZ)},
pD≥0 = {L• ∈ Db(Xét,Z/pZ) | i
!L• ∈ pD≥0(Zét,Z/pZ) and j
∗L• ∈ pD≥0(Uét,Z/pZ)}.
This follows directly from the construction of the perverse t-structure on Db(Xét,Z/pZ).
In this subsection let X be a smooth k-scheme. The Riemann-Hilbert correspondence
between Dblfgu(OF,X) and D
b
c(Xét,Z/pZ) is realized in two steps: first passing to the
étale site and then applying a certain duality functor.
Theorem 4.3. (a) For every smooth k-scheme X, the functor
Sol = RHom•OF,Xét
( ét,OXét)[dX ] : D
b
lfgu(OF,X) −→ D
b
c(Xét,Fp)
is an equivalence of categories. A quasi-inverse is given by
M = RHom•
Z/pZ( ,OXét)[dX ].
(b) For a morphism f : X −→ Y of smooth k-schemes, there is a natural isomorphism
of functors
Sol ◦f ! ∼= f∗ ◦ Sol .
For an allowable morphism f : X −→ Y , i.e. a morphism f which factors as g ◦ h,
where h is an immersion and g is a proper smooth morphism, there is also a natural
isomorphism of functors
Sol ◦f+ ∼= f! ◦ Sol .
(c) The essential image of the full subcategory D≥0lfgu(OF,X) is equal to the full subcat-
egory pD≤0 of Dbc(Xét,Z/pZ) while the essential image of D
≤0
lfgu(OF,X) is equal to
the full subcategory pD≥0 of Dbc(Xét,Z/pZ).
Proof. This is [EK04, Theorem 11.4.2 and Theorem 11.5.4].
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4.2 Cartier crystals and lfgu modules on singular schemes
We show that the equivalence
G: Dbcrys(QCrysκ(X))
∼
−→ Dblfgu(OF,X)
for smooth X extends to an equivalence for embeddable X. As a consequence, for a
morphism f between smooth schemes, the inverse equivalences f+ and RΓZf
! between
the subcategories of complexes supported on a closed subscheme are t-exact.
Proposition 4.4. Let k be a perfect field and let X be an embeddable k-scheme. The
functor G induces an equivalence of categories
G: Dbcrys(QCrysκ(X)) −→ D
b
lfgu(OF,X).
Proof. Choose a closed immersion i : X −→ Y into a smooth k-scheme Y and let j
denote the open immersion of the complement of X in Y . The Kashiwara equivalence
(Theorem 1.10) identifies Dbcrys(QCrysκ(X)) with the subcategory D
b
crys(QCrysκ(Y ))X
of Dbcrys(QCrysκ(Y )). For M
• ∈ Dbcrys(QCrysκ(Y ))X we have
(j! ◦GY )M
• ∼= (GU ◦j
∗)M• ∼= 0
by Proposition 2.35. As G is an equivalence of categories, there is also a natural isomor-
phism of functors j∗ ◦G−1Y
∼= G−1U ◦j
! for the inverse G−1 of G. It follows that G induces
an equivalence of subcategories
G: Dbcrys(QCrysκ(Y ))X −→ D
b
lfgu(OF,Y )X .
It remains to show that this equivalence is independent of the choice of the embedding.
In the same way as in the proof of Corollary 3.12 we can reduce to the case of two closed
immersions i1 : X −→ Y1 and i2 : X −→ Y2 into smooth k-schemes Y1 and Y2 together
with a morphism f : Y1 −→ Y2 such that i2 = f ◦ i1. The composition i2∗ ◦ i
!
1 is a natural
equivalence between Dbcrys(QCrysκ(Y1))X and D
b
crys(QCrysκ(Y2))X . Note that
i2∗i
!
1M
• ∼= Rf∗i1∗i
!
1M
• ∼= Rf∗M
•
for M• ∈ Dbcrys(QCrysκ(Y1))X . Hence Rf∗ is a natural equivalence of categories
Rf∗ : D
b
crys(QCrysκ(Y1))X −→ D
b
crys(QCrysκ(Y2))X
which is compatible with G, i.e.
f+ ◦GY1
∼= GY2 ◦Rf∗
by Proposition 2.37.
Remark 4.5. This also implies that f+ provides a natural equivalence
f+ : D
b
lfgu(OF,Y1)X −→ D
b
lfgu(OF,Y2)X
because f+ ∼= GY2 ◦Rf∗ ◦G
−1
Y1
.
55
Keeping the notation of the proof of Proposition 4.4, the canonical t-structure of
Dblfgu(OF,Y ) obviously induces a t-structure on the subcategory D
b
lfgu(OF,Y )X defined by
the two subcategories
Dblfgu(OF,Y )X ∩D
≥0
lfgu(OF,Y ) and D
b
lfgu(OF,Y )X ∩D
≤0
lfgu(OF,Y ).
Corollary 4.6. Let f : Y1 −→ Y2 be a morphism between smooth schemes over a perfect
field k. Let i1 : X −→ Y1 and i2 : X −→ Y2 be closed immersions such that i2 = f ◦ i1.
The equivalence f+ of Corollary 3.12 between Dblfgu(OF,Y1)X and D
b
lfgu(OF,Y2)X is t-
exact for the canonical t-structures of both derived categories. In particular, by taking
0-th cohomology, it gives rise to an equivalence of abelian categories
{µlfgu(Y1)X}
∼
−→ {µlfgu(Y2)X}.
Proof. The functor f+ is a composition of t-exact functors:
f+ ∼= GY2 ◦Rf∗ ◦G
−1
Y1
∼= GY2 ◦i2∗ ◦ i
!
1 ◦G
−1
Y1
,
whereRf∗ denotes the restricted functor fromD
b
crys(QCrysκ(Y1))X toD
b
crys(QCrysκ(Y2))X .
It is exact because Rf∗ ∼= Rf∗i1∗i
!
1
∼= i2∗i
!
1.
4.3 A Riemann-Hilbert correspondence on singular schemes
Now we extend the Riemann-Hilbert correspondence between lfgu modules and con-
structible étale Z/pZ-sheaves to embeddable schemes. The corresponding equivalence of
categories
Dblfgu(OF,X)
∼
−→ Dbc(Xét,Z/pZ)
for embeddable X will be t-exact for the canonical t-structure on Dblfgu(OF,X) and Gab-
ber’s perverse t-structure on Dbc(Xét,Z/pZ). Again, for a closed subscheme Z of X, let
j : U −→ X denote the open immersion of the complement of Z into X.
Recall that there are distinguished triangles
j!j
∗ −→ id −→ i∗i
∗ −→ j!j
∗[1]
and
i∗i
! −→ id −→ j∗j
∗ −→ i∗i
![1]
in D+(Xét,Z/pZ) ([BBD82, 1.4.1.1]). Defining ΓZ : D(Xét,Z/pZ) −→ D(Xét,Z/pZ) as
the composition i∗i
∗ of exact functors we obtain a fundamental triangle of local coho-
mology
j!j
∗ −→ id −→ ΓZ −→ j!j
∗[1].
Note that i! = i∗ because i is a closed immersion.
Lemma 4.7. Let Z be a closed subscheme of a smooth k-scheme X. Then there is a
natural isomorphism of functors
Sol ◦RΓZ
∼
−→ ΓZ ◦ Sol .
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Proof. We show that there is a natural isomorphism
M ◦ΓZ
∼
−→ RΓZ ◦M,
where M is the quasi-inverse of Sol, see Theorem 4.3. The natural isomorphism j!◦MX ∼=
MU ◦j
∗ implies that M(ΓZL
•) is supported on Z for every complex L•. Consequently, the
morphismM(ΓZL
•) −→ M(L•) induced by the natural map L• −→ ΓZL
•, which is defined
by the fundamental triangle of local cohomology above, factors through RΓZ M(L
•).
This gives rise to a morphism of distinguished triangles
M(ΓZL
•) //

M(L•) //M(j!j
∗L•)
∼

RΓZ M(L
•) //M(L•) // j+j
!M(L•),
where the horizontal arrows are the natural morphisms and the second and third vertical
arrow is an isomorphism. Hence the vertical arrow on the left is an isomorphism.
Lemma 4.8. For a closed subscheme Z of a scheme X, Gabber’s perverse t-structure
on Dbc(Xét,Z/pZ) induces a t-structure on D
b
c(Xét,Z/pZ)Z given by
pD≥0(Xét)Z = D
b
c(Xét,Z/pZ)Z ∩
pD≥0(Xét),
pD≤0(Xét)Z = D
b
c(Xét,Z/pZ)Z ∩
pD≤0(Xét).
Proof. We consider the construction of the perverse truncation functor pτ≤0 in [Gab04] in
more detail. It will turn out that pτ≤0L
• is supported on Z for all L• ∈ Dbc(Xét,Z/pZ)Z .
For simplicity we write τ≤p for
pτ≤0 where p is a perversity function, see the first section
of [Gab04]. For a complex F•, C(F•) denotes the total complex of the double complex
C•(F•), where C•(Fn) is the Godement resolution of Fn.
Let c = − dimX. It is a lower bound for the perversity function p(x) = − dim {x}.
For a complex L•, d ≥ c and pd(x) = min(d, p(x)), Gabber iteratively constructs a direct
system τ≤pdL
• and defines τ≤pL
• as the direct limit. We start with pc = c and the usual
truncation τpcL
• = τ≤cL
•. Clearly, if L• is supported on Z, then so is τpcL
•. Now for
τ≤pdF
• of some complex F•, we construct τ≤pd+1F
• as a subcomplex of C(F•). By the
construction of the Godement resolution, C(F•) is supported on Z if F• is supported on
Z. It follows that for every d ≥ c, the complex τ≤pdL
• is supported on Z and therefore
the direct limit τ≤pL
• is supported on Z.
Proposition 4.9. Let i : Z −→ X be a closed immersion of schemes.
(a) The exact functors i∗ and i∗ are inverse equivalences of categories
Dbc(Zét,Z/pZ)
i∗ // Dbc(Xét,Z/pZ)Z .
i∗
oo
(b) These functors i∗ : Dbc(Zét,Z/pZ) −→ D
b
c(Xét,Z/pZ)Z and i
∗ : Dbc(Xét,Z/pZ)Z −→
Dbc(Zét,Z/pZ) are also t-exact with respect to the perverse t-structures of both
categories.
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Proof. (a) This is a formal consequence of the distinguished triangle
j!j
∗ −→ id −→ i∗i
∗ −→ j!j
∗[1]
in Db(Xét,Z/pZ) and the fact that the natural map id −→ i
∗i∗ is always an isomorphism.
(b) It suffices to show that i∗ is t-exact with respect to the perverse t-structures, i.e.
the essential image of pD≤0(Zét) under i∗ is contained in
pD≤0 and the essential image
of pD≥0(Zét) under i∗ is contained in
pD≥0. For x ∈ Z let i˜x denote the composition
{x} −→ SpecOZét,x −→ Z
of canonical morphisms. For L• in pD≤0(Zét), i.e. H
n(˜i∗xL
•) = 0 for every x ∈ Z and
every n > − dim {x}, we have
Hn(i∗xi∗L
•) ∼= Hn(˜i∗xi
∗i∗L
•)
∼= Hn(˜i∗xL
•)
∼= 0
for every x ∈ Z and every n > − dim {x}. For x ∈ U = X\Z, we even have i∗xi∗L
• ∼= 0
because j∗i∗L
• ∼= 0 and hence τ∗i∗L
• ∼= 0, where τ : SpecOXét,x −→ X is the natural
morphism.
Now let L• be in pD≥0(Zét), i.e. H
n(˜i!xL
•) = 0 for every x ∈ Z and every n <
− dim {x}. There is a natural isomorphism of functors
i!i∗ ∼= i
∗i∗
given by the composition of the natural isomorphisms i!i∗ −→ id and id −→ i
∗i∗ of
[BBD82, 1.4.1.2]. Whence
Hn(i!xi∗L
•) ∼= Hn(˜i!xi
!i∗L
•)
∼= Hn(˜i!xi
∗i∗L
•)
∼= Hn(˜i!xL
•)
∼= 0
for every x ∈ Z and every n < − dim {x}. We have already seen that there is nothing
to show for x ∈ U .
Definition 4.10. For a perfect field k and a k-scheme X which admits an embedding
into a smooth k-scheme Y , we define
D≥0lfgu(OF,X) = D
b
lfgu(OF,Y )X ∩D
≥0
lfgu(OF,Y ),
D≤0lfgu(OF,X) = D
b
lfgu(OF,Y )X ∩D
≤0
lfgu(OF,Y ).
These subcategories of Dblfgu(OF,X) form a natural t-structure.
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The independence of these subcategories of the embedding into a smooth scheme
follows from the fact that for a morphism f : Y1 −→ Y2 between two smooth schemes
over k, together with closed immersions i1 : X −→ Y1 and i2 : X −→ Y2 with i2 = f ◦ i1,
the equivalence
RΓXf
! ∼= M ◦Solκ ◦RΓXf
!
∼= M ◦ΓXf
∗ ◦ Solκ
∼= M ◦i1∗i
∗
1f
∗i2∗i
∗
2 ◦ Solκ
∼= M ◦i1∗i
∗
2 ◦ Solκ
is a composition of t-exact functors, where Dbc(Y1,ét,Z/pZ) and D
b
c(Y2,ét,Z/pZ) are
equipped with the perverse t-structures (Theorem 4.3 and Proposition 4.9). Therefore,
RΓXf
! is t-exact.
Theorem 4.11. Let k be a perfect field and X an embeddable k-scheme.
(a) The equivalence Sol for smooth schemes induces an anti-equivalence of categories
Sol : Dblfgu(OF,X) −→ D
b
c(Xét,Z/pZ)
(b) The essential image of D≥0lfgu(OF,X) under this equivalence equals
pD≤0 and the
essential image of D≤0lfgu(OF,X) equals
pD≥0.
Proof. After choosing a closed immersion i : X −→ Y into a smooth k-scheme Y , we see
that Sol restricts to an anti-equivalence
Sol : Dblfgu(OF,Y )X −→ D
b
c(Yét,Z/pZ)X
in the same way as in the proof of Proposition 4.4. For the proof of the independence of
the choice of an embedding we again reduce to the situation of two closed immersions
i1 : X −→ Y1 and i2 : X −→ Y2 together with a morphism f : Y1 −→ Y2 such that i2 = f◦i1.
We obtain natural equivalences of categories
RΓXf
! : Dblfgu(OF,Y2)X −→ D
b
lfgu(OF,Y1)X
and
f−1ΓX : D
b
c(Y2,ét,Z/pZ)X −→ D
b
c(Y1,ét,Z/pZ)X ,
which are compatible with Sol because
Sol ◦RΓXf
! ∼−→ ΓX ◦ Sol ◦f
! ∼−→ ΓXf
∗ ◦ Sol
by Theorem 4.3 and Lemma 4.7. This proves (a).
The equivalence Sol not only restricts to an equivalence between Dblfgu(OF,Y )X and
Dbc(Yét,Z/pZ)X but also between D
≥0
lfgu(OF,Y ) and
pD≤0(Yét) (Theorem 4.3). Therefore,
Sol induces an equivalence
Dblfgu(OF,Y )X ∩D
≥0
lfgu(OF,Y )
∼
−→ Dbc(Yét,Z/pZ)X ∩
pD≤0(Yét).
By Proposition 4.9, Dbc(Yét,Z/pZ)X ∩
pD≤0(Yét) is canonically equivalent to
pD≤0(Xét).
Analogously, one can show that the essential image of D≤0lfgu(OF,X) equals
pD≥0.
59
Theorem 4.12. Let X be an embeddable k-scheme and assume that k is perfect.
(a) The equivalences G and Sol for smooth schemes induce equivalences
G: Dbcrys(QCrysκ(X)) −→ D
b
lfgu(OF,X) and Sol : D
b
lfgu(OF,X) −→ D
b
c(Xét,Z/pZ).
This means that for a closed immersion i : X −→ Y with Y smooth, there is a
commutative diagram
Dbc(Yét,Z/pZ) D
b
c(Xét,Z/pZ)?
_o
Dbcrys(QCrysκ(Y ))
GY // Dblfgu(OF,Y )
SolY
OO
Dbcrys(QCrysκ(X))
?
O
GX // Dblfgu(OF,X).
5 U
h◗◗◗◗◗◗◗◗◗◗◗◗
SolX
OO
(b) Let Solκ be the composition Sol ◦G. The essential image of D≥0crys(QCrysκ(X)) un-
der Solκ equals the subcategory pD≤0, while the essential image of D≤0crys(QCrysκ(X))
equals the subcategory pD≥0.
(c) If h : W −→ X is an open or a closed immersion, then there are natural isomor-
phisms of functors
Solκ ◦Rh∗
∼
−→ h! ◦ Solκ and Solκ ◦h!
∼
−→ h∗ ◦ Solκ
where h! denotes the functor h∗ if h is an open immersion and Rh∗ = h∗ for a
closed immersion.
Proof. (a) and (b) follow from Proposition 4.4 and Theorem 4.11.
It remains to prove (c). Let h : W −→ X be an open immersion. We will construct
the natural transformations by choosing embeddings of X. Since we have to make sure
that this construction is independent of the embedding, we will consider two closed
immersions i1 : X −→ Y1 and i2 : X −→ Y2 of X into smooth k-schemes ab initio. We
may assume that there is a morphism f : Y1 −→ Y2 with i2 = f ◦ i1, see the proof
of Corollary 3.12. Let h′2 : V2 −→ Y2 be an open immersion such that (i2 ◦ h)(W ) =
h′2(V2) ∩ i2(X) and hence W
∼= X ×Y2 V2. Let i
′
2 : W −→ V2 be the closed immersion in-
duced by i2, i.e. the projection X×Y2V2 −→ V2. We have a natural equivalence Rh
′
2∗i
′
2∗
∼=
i2∗Rh∗ of functors from D
b
crys(QCrysκ(W )) to D
b
crys(QCrysκ(Y2))X . Moreover, we have
a natural equivalence h′2+GV2
∼= GY2 Rh
′
2∗ of functors from D
b
crys(QCrysκ(V2))W to
Dblfgu(OF,Y2)X . Therefore, Rh∗ : D
b
crys(QCrysκ(W )) −→ D
b
crys(QCrysκ(X)) induces a
functor h+ : D
b
lfgu(OF,W ) −→ D
b
lfgu(OF,X) such that GX h∗
∼= h+GW . Note that this
functor h+ does not depend on the choice of V2. In particular, to show the inde-
pendence of the embedding of X, we may choose an open immersion h′1 : V1 −→ Y1
with (i1 ◦ h)(W ) = h
′
1(V1) ∩ i1(X) and such that (f ◦ h
′
1)(V1) ⊆ h
′
2(V2). Here we set
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V1 = f
−1(V2), which means V1 ∼= Y1 ×Y2 V2. Let f
′ : V1 −→ V2 be the projection and
let i′1 be the projection of W
∼= X ×Y2 V2
∼= X ×Y1 (Y1 ×Y2 V2) to V1
∼= Y1 ×Y2 V2. It
is a closed immersion because it is the base change of the morphism i1. We obtain the
following commutative diagram:
W
h

i′1 // V1
h′1

f ′
// V2
h′2

X
i1 // Y1
f
// Y2.
The following cube demonstrates the natural equivalences, which we have by Proposition 2.37:
Dbcrys(QCrysκ(V2))W
GV2 //
Rh′2∗

Dblfgu(OF,V2)W
h′2+

Dbcrys(QCrysκ(V1))W
GV1 //
Rh′1∗

Rf ′∗
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
Dblfgu(OF,V1)W
h′1+

f ′+
77♦♦♦♦♦♦♦♦♦♦♦
Dbcrys(QCrysκ(Y2))X
GY2 // Dblfgu(OF,Y2)X
Dbcrys(QCrysκ(Y1))X
GY1 //
Rf∗
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
Dblfgu(OF,Y1)X
f+
77♦♦♦♦♦♦♦♦♦♦♦
Here every cube face indicates a natural equivalence, for example, the front refers to
the isomorphism of functors GY1 ◦Rh
′
1∗
∼= h′1+ ◦ GV1 . This shows the independence of
the isomorphism of functors GX h∗ ∼= h+GW from the chosen embedding of X. By
adjunction, we obtain a canonical isomorphism GW h
∗ ∼= h!GX as well.
Similarly, one shows that we have a natural isomorphism Solh! ∼= h∗ Sol, using the
fact that Sol commutes with the local cohomology functors (Lemma 4.7) and with pull-
backs for morphisms between smooth schemes (Theorem 4.3). Again, by adjunction,
we obtain a natural isomorphism Solh+ ∼= h! Sol. Composing these isomorphisms of
functors yields the desired one:
Solκ ◦Rh∗ ∼= Sol ◦GX ◦Rh∗ ∼= Sol ◦h+ ◦GW ∼= h! ◦ Sol ◦GW ∼= h! ◦ Solκ
and analogously for Solκ ◦h
∗ ∼= h∗ ◦ Solκ.
If h : W −→ X is a closed immersion, we proceed similarly, but the proof is simpler
because a closed immersion i : X −→ Y of X into a smooth k-scheme Y yields a closed
immersion of W into Y by composing h and i.
Definition 4.13. The abelian category Pervc(Xét,Z/pZ) of perverse constructible étale
p-torsion sheaves is the heart pD≤0∩pD≥0 of the perverse t-structure on Dbc(Xét,Z/pZ).
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Corollary 4.14. For a perfect field k and an embeddable k-scheme X, the functor Solκ
induces an anti-equivalence
Crysκ(X) −→ Pervc(Xét,Z/pZ)
between the abelian categories of Cartier crystals on X and perverse constructible Z/pZ-
sheaves on Xét.
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